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PREFACE 

I 

The m^In purpose of this book is to provide' background 
"■"k ' . ^ * 

material in geometry for teachers or prospective teachers who 

. j ' / ' * 

know little or no geometry. It is desigrj^ed for use in courses 

a^d in-service type training programs for teachers at the j^jnior 

^ ' high school or upper elementary lev^l/ , It* sh.ould be suitable ' 

"as a text for a one-semeste)r freshman college course for 

prospective teachers at such level. This book is not designed 

to train teachers to handle 'SMSG tenth grade geometry but it ^ 

might be used. for background ifif ormation and points-of -view, ' 

Volvime II of ^ this series, is designed with the teath grade course 

0 

in mind. ' ♦ « , 

If this text is used fol* in-service programs for upper ' 

^ elementary teichers, then some selectivity of subject matter , 

'would be called for. Chapters 1-8 probably shoyld be 'used 

with some sections o^" Chapters 7 and 8 taken l^ightly; The 
» 

"proofs'' in Chapters 9 and 10 might \e omitted. The^ elementary 
po^rtions of Chapt^ers 11-, 12, and 13 might well be used. .Chapter 
is primarily intended for junior high school teachers who ' . 
will be using SMSG materials. ' * \ . 

There vil\l be considerable review of geometric ideas but 
the review will be phrased partly in terms of presen't day ^'^s^t" / 



language. 'Where possible and appropriate. 'both traditional - ' 
language and set language .ll^e used to -clari-fy'.ach other. 

_ It i^ no-t intended this 'book give 'a complete .rHiew 

or. cover 'all details mentioned .in the experimental SMSG Junior 
. hlg, school t,xts. It-l-s-.i-«tended that this book st^s. 'basic 
understandings of ideas, concepts and points-of -view, m 
particular, emphasis is put on .thi. fnterrelaUonships" between^ 
- the concepts of and use of measurement, congruence, the 'real 
-numbeV system, and. various geometric system,. author hopes' 

_ that the- broad outlines of. '-good" mathematical- developments will' 
come throu^» ^ » ^ • 

«lear.-.o„t aefinltro'ns'ind expMolt- assumption, ai-a mdj 
Where mcraaaed un„lr;standl„, »ui raauu. mi the kuthor-ha. . 
*led t« .ee^in ,l„d,,that this u not a treatise on abstract'- ' 
%^e,,.etry,. ^The mtultlve^nd informal approach Is emphasized ' ' 
throughout. ^ " • ■ ' . 

one body-.pf material': that has.heen omi'tted 'from * his book*^ ' 
is tha,t dealing 4th sets. of concurrent lines, aTsdciated with • 
triangle.:- ntfeaians',anglfe bisectors, etc. Some f.eople ° ■ 
teaching^rom this.vplume may want t6 uae 3uch material (^of . 
specialA)roj©cts or the like^' • " ■ " " " 

Ir/ studying tMs material,' one should^have ,a penc^ and- ' ^ 
P^pe. hanay a^d prepared t^ 'draw figures^o help^under.t.ad" \ 
.fthe develoWents . l^e reading of mathematics is "not "like" the' ' 



readlVig of novels. One may have to'read the material several 
timeg to understand it. Some prefer ^ "light" reading of a 
section ot chapter to gpt general ^ideas before"^ detalieci' stu^iy. 

^ne author^and'SMSG will appijeciate suggestions regarding 
the ^suitability, or non-sui.tability of this volume .for ihe' , * 
pu^pos^s suggestea^»al?!pve. It_is the intention that this volume 
be later reproduced in revised fbrm^ Suggestions ^joncerning* 

the revision are welcomed aad shoXild ^be sent to 

, •* . ^ • > ' . • 

School Mathemati»cs Study Group 
" ' , flfawer 2502A, Yale Station . , , 

Nkw Haven, ^ Conn'ecticut . • . ' 
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Chapter 1 , 
Introduction 

Geometry is ^concerned with the study of spatial rel?itlonships« 
Thls^ study, of course. Includes what 1§ usually called *'plane 
geometry" for a plafie (a flat surface) is regarded a« sj part of ' 
space. Traditional tenth grade geometry is more than simply a ^ 
study of spatial or planar relgitionships; it is the setting for the 
. development of a mathematical logical or axiomatic, system, 
. In the S^SG materials, the ^geometry which is found 'in- thel^. 

' Junior 'High 'School texts is intuitive geometry, the development of ' 
g^ometricx (spatial) points of view and thought and the understanding 
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spatial ];'elationships. It is not axiomatic as such, ♦ Questions 



^ of informal -deduction naturally arise and*where appropriate are 

, dealt with by- informal arguments. 

In the past, geometry has- been a vehicle for teaching accuracy 
of language-, expression and thougJit. To some- extent the 7th and 
8th grade geometry is dedicated to this end. In particular, set 
language simplifies mathemiatical vocabulary and at the same time 
forces both considei^tble precision of expression and emphasis on 

• the meanings of concepts. Traditional Euclidean geometry vfent part 
•wayin this dij?ection. The SMSG materials (both Junior High an? 
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lOtth grade) go considerably farther in making clear cut definltior>s 

• * * 
and In making some distinctions which were only Implicit In Euclid. 

The consistent use of set language ^n geometry has three. 

<* • 

other Important values to the student. First, the set polnt-of- 
' view is of fundamental Importance in much of prfesent day mathe- 
matics and an appreciation of It helps produce a certain amount 
of mathematical maturity. Secpndi se\ language Itself gives 
students a unifying thread which runs through much of their mathe- 
matical studies. No longer will It be true that students view 9th 
grade. algebra and 10th g«»ad^ ge^etry as essentially unrelated, 
subjects. Third, use of set language actually should make many^ 
Ideas of mathematics substantially easier to grasp for'th^ st.udpnt. 
Set language simplifies rather than complicates. It frequently 
' forces attention on the proper concept. ^ % ' 

It should be p/olnted out, however, that the set polnt-of-vlew 
is no panacea by Itself. Mathematics will remain a very sub- 
stantial subject.^ Furthermore, it is not proposed by SMSG (or 
^Llmost anybody else) that set theory as such "be taught: to high 
school students. It is proposed that the language of seVs '"bemused. 
The language of sets is rather straightforward and simple --once you 
get on to it--but theo subject of set theory^ gets d.e'ep and delicate^- 
rather quickly. Set theory itself should probably be left to 
professional mathematicians or to' th6se who are. thinking^seriously . 
of 'iDecoifiing such. ^ . . . 
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Let-u^ illustrate- some of the ambiguity in traditional 
terminology and notatiW-and our attempts at. eliminating it. 

One of the often remembered properties of Euclidean geometry 
is that V straight line is the shortest distance between two 

points". Now, really/ there are at least three different concepts 

/ 

which are confused in this statement* We discuss these concepts* 

(♦l) ^A^straighi line is, usually thought of as a set of points 
(the set or collection of points on it). For any two points there 
is exactly one^ straight line containing them (i:e,, two distinct 
point ^ determine a straight line). 
The straight line containing A and >v Q j 
, contains some points (Mke P) between 
A and .B> and some points (]dke Q) not * 
beljween A' and B» We shall denote- the 
line AB by AB, A straight line as snch 
does not have length- -it can not be measured, 

(2) A segment is a part of a straight line. In' particular, 

the segment AB denoted aF) is thei set of points' consisting of A 

and ,B and all paints betwee'h A and B» A segment ha? length ' 
« * 

--it can be measurecf* The length of AB. is denoted by AB^or some-' 

times by m(AB) ♦ ' i 

(3) A distanpe'is a number (or a number of units). In 
geometry, for any two points ^there is a Kii stance between them 
— the distance being the leYigth of the segment' Joining them. 
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Whatever is customarily meant by straight llne--and geometry books 
are vague on this--a straight line Is not a distance. 

The statement "A straight line Is the shortest distance , 
betweeil two points", then, confuses the concepts of straight line," 
segment, and distance • However, the statement does communicate 
something of what Is Intended • But simpler and more precise 
language would make for greater clarity* We could say "A segment 
is the shortest path between two points This statement Is an 
Improvement on the earlier* It would 4)e better, however. If we 
had defined or explained the meaning of the word "path". In> 
Chapter 9, the "triangle Inequality" property does clarify the 
meaning of the "shortest .distance " statement. In other chapters 
6f the bbok, '(^nslderatlons of the type suggested Jiere will be 
greatly amplified. 

Having made the observation that terms used in mathematics 
"should have explicit 'and clear-cut meanings, we agree that- we 
cannot achieve perfection in this respect. In particular, there 
are several terms which are consistently used with dual meanings 
but 'for which the particular meaning intended is almost always 
clear." Exam^>les of such terms are-- "radius" of a circle which means 
a number (usually) but sometimes'^ set of points^ "side" of a 
triangle or polygon which means either a number or a set of points . 
and ^'basje" and "altitude " .of a figure which also have similar dual 
meanings. ^These words are so widely used and well understood that 
it seems inadvisable to insist; on one meaning ^r the othe^. 
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1. Terminology , >/- 

^ One of the important Ideas of mathematics Is' that of "set." 

Synonyms for. the word "set" are "collectl.ori", "family", and 

"aggregate." The term "set" Is used In jjiathematlcs In much the 

same s.ense^ as It Is pccasronally used In ordinary language. In 

-^geometry we fepeak of a line as a set of points. Or we may spe'lk 

of the set of all lines which contain a given point. In arith 

-^^metic, -v^l&^^speak of the set of all positive ever^^hole numbers, 

that is, 2; A"^,^'^^eta. ' : ^ ^ 

In everyday langi^age, we talk about the set (or collection) 

of. books Ip tjhe city library, the set of pupils ih the seventh 

grade of a school, or the* set of all. red-headed children less than' 

two yeaa^s of age. - ^ . * v • * 

In prder for a set to be defined or understood, there must 

be some clear-cut criterion for deciding whether any particular 

' object is in' the set or is not j,n the set. We speak ^of tha 

objects In a giv^n set as the "elements" 03^ "members" of the set. 
' . / 

For instance, consider the set of pupils ih the seventh grade of 
West Junior High School,. An objec> is an element-of this set'if ^ 
(and only if) the object is registered as a seventh grade 'student 
^ . .. inJlWaat-J[uD 1 0 r High School. 'jPherefore, we can tell whether a ." 
given object is in the set. " * - ' ' 
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Tlotation* ft is useful to let symbols denote sets,^ We fre- 
quently use capital letters .for this punp'ose. |*ius, when con- 
venient, we may let "A" be the* set of a^l positive even whol^ 



numb^rs> or/"M" t^^ the set -of all grade school phildren who can 
swim. Braces, [ },%re frequently used in describing sets. Thus 

= {Mary, James, William] describes the set B whose elements are 
Mary, James and William. Or C [1, 3, 5, 7, ,9K describes the set 
of odd counting numbers^less than ten.,' Note thart in. each of these 
J^atter cases we have actually epumerated the (elements of the set 
5 or C. We. use three dots to suggest "and^so on".. For example, 
'the-»et A of positive even whole numbersyis sometimes written ' 
' A = {2, 4, 6, ..i ]• - ^ \ 'p' 

In set notation as in t>ther mathematics we use the^ symbol 



(equals or 4s 




equals to )>cnmean "i-s 'the same as." Note that above- 

i E and (Mab2^^,^^amea< William) are different names for the same set. 

-Let Y be the set af states oS the.Uni-feed Statefs 

'which contain cities ea§t of the Mississippi. Let Z be the states 

. ^hich were the priginal 13 states.. Then 'dvery element of ^ is an « 

^element of Y. We^say tt^at Z is k subset of Y (or Z is contained 

in Y). We may write ZCY and we read It "Z is contained in Y." 

. ^ . ' , 

We may also say'Y contains Z, or YDZ. Notitie that the open part 

of the symbolCorD is toward tl}e set 'which contains the other as 



fit subset. 
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^ In general, the set R Is a subset of the. set T if each ' ^ 
element of R l_s, an element of T. Ve may observ^hat each set is 
' a subset *of itself; in notation, if X *is .any sQt^ XCX (X is con- 
tained in X). ' . 

Jiet U be the set of all classrooms It: your school.. Let V be 

the* set of all classrooms in your school with women teachers/ 

c 

Then VCU, i.e., eaph element of V is an 'element of U. 'if your ' 
• school has no ^en teachers, then also UCV-, i.e., each element' 
of U is an element of V.* Ip this case, V -In^eneral, we can 

• ^ say that if V is a set and "B is a set; aridlf^ ACB arid BCA, then 
A = B, i.e*; V and Bf^re simply different names fbr the same set. 

Intersecirions of Sets . Let G be the set of all girls who arQ 
pupils in your school. Let R be the s^ of^^l red-headed people 
Xn the world. Let W be the set of all rect-headed girls in your 
school. Then W is a subset of R and also 0/ G. In fact, W 
consists exactly of ^ those elements which are in R and are also in 
^ G. We speak of the ser W as 'the Intersection of the sets R ^and" G 

•and, in notation, we writ^ W = RflG. The symbol' "H" is called 
- the intersection symbol. We read Rfl G as "R intersection G" or 
"the intersection of R and .G.'' . • * 

Let A be the ^et of all positive whole npnbers. Let B be the, 
set or all real numbers less than 8. Then Af]^ is the set of all 
numbers- which are in A *and a}pe alstS in B. In other words, aO B is 
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the' set of all objects which, are 

(1) p^o§ltive whole niunbeVs and 

(2) numbers lesB than 8. t . * 

Clearly then . . ' . . ' 

♦ * • 

Af)^ = (1, 2, 3, 4, 5, 6, Z). - . - • 
■Definition. If x .Snii Y are sets, then the Intersection of X 
and Y (in notation xHy) Is the set of all dements e^ch of which 
."' is an element of X and_ Is an element of Y. 

To determine whether an object1?s-in xDy is simple: the 
object must be In X and must ^Iso be In' Y, ' ' . * 

Exercises 2-1 - , ' 

Where appropriate, use brace notatlbn to write but vour * 
answers, * ^ ^^^h^ 

1. Let X be the set of letters of the alphabet which prp^ede-g. 

Let Y be i the set of vowels \rhlch precede v. 
(ar X = ( ? ^ \ ' 

(b) Y = ( ? )." - .-^ ' ' , . 

/c) xhy = ( ?: ). . . ■ . ^ / ■ 

*2. Let H be the Set of^yp^s (sizes) of silver coins In clrcu- ' 



t^e United. States. Let 'i^, be ;th,e>.Ve^ .of; types ^if 
• coins in circulation in the United ^ates. 
(a) Is HCK? 

^ (b) Is KCH? ^ * • 

. ' (c) What ,1s HflK? ' • 
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Let P = (3, 5,f 7, 11,. 13/17, 19} - ■ 
Let Q = CI, 4, 7, 10, 13, 16, 19} • . , 
(a.) PnQ-= i } 
(b)'^- Is EflQa subspt of Q? " 

Let'V be the set of positive pdd whole number? 
set *o^posltlv,e whole numbers 1^'s than ,20, Le^ X be the s.et 
of whole numbers divisible by 5* 
(ay*vnw'= ( ? } 

(b) ' wQx = C - ? } 

(c) ■ (vnw)nx = V ? } 

Note; that-VfV¥ Is Itself *a' set and the Intersection of 
• thLs^set vith X-is what* is meant by.(vnw)nx, 
X3t A be the set of men wlj^olhave been .President of the United, 
States at ^s^ome timfe since l^Se^ Let B be the ^set ^of melT who ' 
have been Vice-President some time since 1922V ^^'"^ 
(a) A^^ ( ? r ^. ; • ' . ' 

{p) aPibU { ^? 2 

(^) Show that B is Vot contain^ed in A; i^e,, exhibit an 

I , elWent of B whicfi is not an element of A. 
Le-ty^M- bef the set \of ^pbsitive whole ntipibers* 

\Let H be , the Eet' of multiples" of \ > ^ ^ , , 



Let\c be the set of multiples of 3. 
(a)^.H.= ? O \ 

gc) mQk ? } '/ ' • 
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(d) Show that H Is not contained in K. 
•(e): HOK = C .? } 



2.6 , . ^ 



2. Union of Sets , ^ ' ' 

Let A = .(1, 5/9} and let B = [2, 3, H, 5}. The Intersection 
of A and B (l-X. aOb) Is the set (5} consisting of .the single 
. elemei^t 5*^ How are we going to refer to the se1^(l, 5, 3,*4, 5, .9}^ 
^ *In Qther words, what' )f/lll we- call /the set whose elements are the 
^ Elements of 'A- to^ej^ltr with the'-^ements of B? We' use the word 
"union" in this sense, it^ suggests th^Tcombl^ting or unltliag of; 
' the sets.' Thus (^, 2/3, 4, 5, 9} is\ the union of A and B, In 
notation; we write AgB^ (the "union of A and B" or'"fi^lon B"). 
Similar notation and termj^c51o§y J.s lused for any pair of sets. 
Let X and Y be any sets at all. Then XIJY (thk union ^of X and Y) | 
. is the set consisting of the elements of X together .with the r 
elements of Y, ^ * . , \ 

To determine whether or. not an object is an element^of^Xu^ 
is Simple. The object is in.xUY provided it is in X or It »ls in 
Y. It could be in both. 

. Let- M be the set of people, in your school with last name '-^ 
Smith." Let N be the set of people in your school with first 
name' "John." Then mUn is the set of all people in your school 

• - . r 
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i/ho qualify on either of\ two counts: for a person to be in M^JN, 

e'lther his last name musi be Smith or his first xiame must be John; 

i;e., either the person iW in M or he is'in N. (Any person^ named 

John Smith, qualifies on both counts.) 

Empty Set. What is the. set nHn (the Ift^tei^ectlon of M and 

N)? Tq be in mOn, a person in your school must have last name 

Smith and first name John. Thus wHn is the set of "John Smiths" 

in your school. Now suppose your school doesn't have anybody in 

it named John ^mith. Then ^ the set'MfiN (M intersection N) doesn't 

,have aiby elements in It. ^ In this case, we say that mOnIs the 

empty ^et (or null set). Some' people would claim, that MOu^isn't 

a set if it doesn't ^contain any elements^ ^' But mathematici^s 

'generally 'find it more convenient and useful to use the concept 

of the etepty set. Then if X and. Y are sets, ^flY is a set. .And 
' ' ' ' > ^ ' ' • 

XD Y is empty if and only if no element of X is an element of Y.* 

|The empty. 9et, thlis, is the set with no elements in it* We use 

the symbol *0 to denote the empty set. 

Sometimes in describing a set, we may not know, at first 

glance,' whether or not the set has any elements- in-^. Tf the 
•'ft ^ * ^ « 

s^ contains no. elements then we are simply describing^ the empty 
seA. 'For example, if your school has nobody in it named Smith, ■ " 
then M would 'be the empty set. * ^ ^ ' 



c 



19 



2.8 



3. 



' • . Exercises 2-2 

Use brace nptation' where possible and approt)riate. 
Let A = {r, 3, 5, 7', 9) 
• ^ j= (lr2, 3, 5} , 
■■ C = (2-, i^,.6,.'8, 10) 
Find: . \ •• , . , 

(a) aub . . * , 

(b) aDb 

(c) aUc 

(d) * AD C 
Let X be the set^'dS 
begin with a dlrectlo 
set of states which 

Find: 




Unitecix^tates whose, natmes 
Trginia). Let Y be the 
n" the Pacific Ocean. 




(a) - X 

(b) Y- 

(c) xUy 

(d) xOy 

Let M be the s^^f point's on or Inside the square. Let N 
b^ the s«t of points on or Ihslde the circle. Dr^ similar 
figures and shade - , 

(a) M 

(b) -N 

(c) mUn 

(d) mDN - 
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4. Describe two sets H and K such that 

(a) .hHk is empty, and ^ ^* 
(b^ HUK i/not empty, . / *. 

5. If A and B are se'fes'j^AflB is empty and (aUB)CA, what can ' 
you conclude* about B? * • 

6. If, M is a set and i^ a set and if CmPIN) = (MU^), what can 
yow^conclude? * 

^Z,*..-Let p.te, the pet~..o^f ^l^^jjositive even whole numbers. 

Let S be ili^^&et of al]/ positive Vhole numbers divisible by 3. 
''^(a) . -Describe Rfl S ^ 

(b) List three positive whole numbers not in RUS# ^ • \ 
8, Explain why for any sets X and Y, (xUY)D(xnY). - --^ 



^* Qne -to- one ^ correspon^nces * ' 

Let OC {the Greek letter alpha) be the set of capital letters 
in the English ^alphabet. ^ Let ^ (the Greek letter beta) bQ the 
set of lower case lettersTN " * ' 

1' . * ' 'cc == {A, B, a^i... y/ Z) 

; yB='Ca, b, c, '..w z] 

Now^-fhere is a natural *way of associating the elements of ot wi^h 
the, elements of yfl si that each element of CC co'rresponds *to exactly 
one elemeht of ^ and each element of ^ to exactly one element of 
ot under this same -Association. 



Each capital letter is to correspond to its lower .case tetter* 
• We use the syftbol^^-^or | , as appropriate,^ to indicate the ma^h'- 
Ing^ or correspondence. Thus, ^ , . - ^ 

AB Z 

• ■ 1 ■ . 

ab ' z 

This is an example of a "one-to-one" correspondence between*"' 
the sets CC and There are other one-to-one correspondences * * 

^ between (C and B* Thus we might let Z correspond to "a" and each ^ 
other capital letter correspond to the lower case letter fqllowin*g." 
it.. Thus ' ^ * . ' ' . 

^ ' . 'a B y 'Z 

■ ■ . . •: U-—U * 

be 2a 

In many, cases in life, we are intereste*d in two sets and -the 
existence or non-existence of a' one-to-one correspondence between 
the tvio.sets; .In some instances, we are in'terest^ed in a 
particular matching process (one-to-one correspondence), not Just 
' . any one. If you are giving a theater party for 10 boys arid 10 

girls, your set of tickets should be in on^to-on^correspondence 
with the set of people going. If the seats are rese^vied it ' 
^>*^^„^.P^obably makes a gl'eat deal of difference what one-to-one 

' correspondence you set up as you pass out the tickets to the' 
various members of the party. ' ' ' 
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A one-to-one correspondence between two sets M and N, then, 
is a matching of the elements o'f M with the elements of N so .that 
\inder this matching each element of either set corresponds to a 
particular element of the other (which in turn corresponds "to it). 
No .element of either set can be left over. ^ 

In most homfes, ,th.ere is a one-to-one corr^spondence between 
the set of chairs at the dinner table and the set of members of 
the family. Furthermore, ^ are especially awarfe of that parti- 
cular one-to-one correspondence which matches each person with his 
own- chair. 

One-to-one correspondences are^of fundamental importance in 
the process of covintin^. ' - A person. leact*ns to count — meaningfully 
— when he learns to match the counting numbers in order and up to 
a certain number with the objects he is trying to coxmt. ' The 
process of^ counting is a process 'of establishing a one-to-one 

correspondence. Even before* children learn to count, they- ara , 

' ' ' 

frequently aware of one-to-one correspondences. Take four small 
boys and ^hree^ ice cream cones, ^vert. before' the cone's, are passe^y- 
out, s^roe boy may veil have mentally » matched the set of boys with 
the set of cones and anticipated certain dif f icujtied;. • ^ 

In geometry the notion of one-to-one correspondence arises 
naturally and significantly.^ Consider two congruent triangles 
as b^low. • ' 



Let A<->D 

. / 




B 0 
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Undei? this correspondence of the se^ {A> B, b] of vertices of 
the left triangle with the set (d, E, F} of vertices of the right 
triangle the. two triangles seem tb be congruent. 

But under the' correspondence ' ^ 

^ A< >D - 

TB< • , ' 

» C< >E 

the triangles do not seem congruent for the side AB is not the 
same length as the side *I)F,# ,^ ^ . * . 



/ 
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Exercises 2-3' * < - 

Is there a one-to-one^ correspondence between- the staters of the 
United 'States and cities (in the United States) of ov^er 
1,000,000 in population?; Why? i 
Consider, the triangle 'in the 
figure. List all six possible 
one-to-one correspondences b^- ' 
tween the set of vertices (A,-B, *C} 
and tl^e set of sides (a, b, c}. • ^ * 

If set R is in one-to-one'^correspondence with set S, and set S 
with' sef is there a one-to-otie correspondence between set R 
and '-set T? Explain. ^ • . ' 
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^ 2.1-3 ' 

DescaH.be' three different one-to-one correspondences between 
the set of digUs (1, 3, 5, 7, 9) and the set of symbols 

(n,u ,^3 , ^}'^ » 

Describe a one-t^-one '.correspondence between the set of 
positive integers and the set of negative integers. 
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Chapter 3 
Logic ^ and Geometry 

1. Statements and Implications ' of . Statements , 

When we write a sentence, i^e make a -statement. Th% statement 

may be true or It may be false or It may be meaningless. Examples 

tf-^ * ^ ' 

of meaningless statements are: " ' . ' 

(1) ij^badab dlaha loween- syraan. ♦ ^ 

; . w 

(2) Horses and chairs ride honor ambng ^windows. ^ 

I$i (1) the "words "^^^»t even make, sense. In (2), while the 
words all make ^ense the^entemje. Itself does not; f2) Is In the 
form of a sentence but It does not have meaning. For the pui^joses 
of the discussion of this chapter we want to consider statemertts 
that are not meaningless, ^ y 

So we resti'lct our attention to i^eanlngful ^statements. There 

is another distinction we woyld ^Ike to make, yhen ottfe makes a 

statement, he la tiH^lng to communicate Infomjatlon (valid or 

invalid). Many statements- that S^re made in^. everyday language areL 

' • * ' * ^-^^^^ 

true In spirit but false 'as actually stated. They communicate a 

vaJlld Idea but^ are not tecl^nlcal^y correct. For many purposes 

technlcal^correctness Is not especially Importalit. . ^ 

/ ^ ' ' - ' . \ ■ 

But In subjects like mathematics we have to be ^concerned with 

the"^ correctness or non-correctness of the specific statements we. 



^ make. It is in the nature of mathematics that precision of 
• language and thought is important. The^fore it is necessary for^ 
-^u^-to study ^the significance 6f statements, their meanings and 
their implications. We shall assume that statements' mean what 
they .say ajid not- merely what we might wish them to» pay. However, 
statements are usually made in ^conJunct;ion with other statements 
and also on the basis of tacit agreements which have been ^bullt up 
in general or in the particular discussion. ^ In Chapter 7 4*e 
discuss this aspect of language further. Here we cite an example. 
The statement, "I am not going to eat breakfast," usually carries 
with it a tacit time understanding. A person who made this st^te- 
^ ment on getting up in the morning and then ate breakfast that 
moming would be considered as having made, an untrue statement, 
Furthermore, IX he did not edt breakfast that,jnomi^, but did the 
following morning^ his ^original statement would be considered to be 
correct. It would normally have been understood that he was 
referring to breakfast tl^e day he made the statement unless the . 
contrary' was specified, '^us we agree ttiat individual statements 
should be understood to be ^in context, more to restrict or clarify 
their meanings than to "change" them. 

It is 'convenient to let\symbols like A, B, and C denote 
statements. For instance, consider A to.be the statement, "The 
weati^er is not clear today," and consider B to be the statement,, 
"I am Agoing to stay home." We can make (further) statements using 
statements * A and B ^as^ 'building blocks". 
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Example 1_. A Is true. In our illustration: this says "The 

Statement *The ^weather Is not cjear today,* is true." But this 

► f 

latter assertion means rfothlng more , nor less than the, original 
statement '"The weather is not clear today." Either • statement is 
tmie provided the other is. Thus we conclude that /'A " and 
"A is true" really mean the.^me thing. *' 

Example 2. B Is not true. * "li^ our illustration this says 
'*rhe statement «I am going to stay home' is not true" or in other 

words "I Sim not going to stay home." The statement "B is not 

a; 

time"- is called the negative of- B and can frequently be achieved 

by the^ insertion of the word "not" in the proper place in thX 

statement^ B. ' ^ . . 

Example 3* "A and fi" (or what is the same, "A is true ' • 

and ^B is. true"). In order for statement "A and B" to be true, 

both A and B individually must be true. 

/ 

Example "A or B". The statement "A or B" ' will be 

true provided at leaat one of the two separate statements "A" and 
"B"> -is truel In other worlds, ^ "A or B" is true unless both ^ 
"A " and **B" are false. The statement "The weather is not clesLr 
today or I am going to stay home" is true unless (i) the weather 
is clear today and (ii) I do not stay home. (The statement "A or 
B" has. meaning but in our il^us^tration, ft is r)ot the kind that 
is .made in ordinary speech, as'the statements 'A and B themselves 
are not . "natural "^alternatives. )' . • 



Example 5> "If A, then ' B. " In^our illustration, "If the \ 
weathe;? is ncj|p^clear. today, then I ai^ going to stay home." This 
is laiown as a^ statement of implication . Another way of makjiig 
this ^statement is to say "A implies B". The statement me^s that 
it cannot be^ that A is true and B is fal,se. The' statement says 
nothing about B in the event A is not true. Consider our il- * 
lustratj-on., / Jin the event the weather is. clear today, I 'am at 

, liberty to stayjhome or not as I see fit. The original statement 
of implication does not restrict' my behavior if the Weather is 
clear. In the e^vent A" is not true, the statement "If A, then 
B" has meaning and is certainly not falge. Thus, in this event, 
we must consider the statement of implication to be. true even 
though it^does not contribute infdrihation about 

The Conti^positive . Statements of imp,lication (if A, then B) 
are of great importance in ma^thematics. They are widely used. ^ , 
"If X is divisible by 4, then x is divisible by 2.'' "If 

^correspondftig sides of two triangles are congruent, then the two 

'triangles are congruent. " Any statement of implication can be 

> 

made in a variety of ways. We ha v£ already noted in Example 5, 
that "A implies B" means "If A, then B. " The statement "If B 
is false, then A is false" is called the contrapositive of the 
statement "If ,A, then B. " A statement of implication and its 
contrapositive really mean the same thing. We can see this by' 
considering the following table . ^ In this table we have listed 



o ,■ 29., 



four statem en ts _across the top: ''A", '!B", "A implies B", and 

is false implies A is false." In the left two columns we 
have listed the four possibilities, i'or statements A and ^ B,. Th6 
bottom row, for instance, lists A* as false and B as false* 



B 



If A, then B 



If B is false, then A 
is false \ - ' 



T 
T 

F \ 
F 



T 
F . 
T 
F 



T 
F 
T 
T 



T 
F 
T 
T 



, In the third and fourth columns are' listed T and F according - 
. as the statement at the head of the' particular coliiran is true or 
false for A and B as listed in the same row. Thus the> state- 
ment "If A', then B" is shown as false for A "true" and B 
"false ". ' So also i-e its contrapositive as listed a^ the bead of 
the fourth column. If B is false, then A cannot be*true. 
Because the third and fourth columns are- alike, 'we conclude that 
the statement "If A,^then3" and its contrapositive have the,^^ 
same meaning. If either is true the other i^. If either ^is 
false, the other is. TJie contrapositive is important, in 'part, 
because some statements of implication are easier t<j) recognize* a^ 
true (or false) when stated in the form of the contrapositive. ^ 
Equiva lent Statements . A statement of implication and its 
contrapositive are examples of equivalent statements. So .are the 
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statementLsT "A i^T:reF"TB^**=Snd- ^'If A, then 3". In general, two - 
statements, P and Q, are said to be equivalent if P implies - 
Q and . Q ' implies. P. In other words, if either statement is 
true, the other must also be true.- Loolcing at this- infonnall^we 
may say that , P and Q are equivalent if they are different * 
ways of saying the same thing. Let us give an example; Suppos^ 
M and N are isets. - ^ ' 

Let P be , the statement: M is a subset of N. 

Let Q be the statement: Each element of M is an ei^iment 
of N. Then P and Q are equivalent for 

(l) If 'P is 'true, then Q is true, and 

(2,) If Q is true, then. P is true. 

Or we can say, (l) ' P implies Q and (2) Q implies ' P. 
might note that e^iuivalence has the following property, ^'If 
each of two statements is equivalent to a third, then they are 
equivalent to e^ch other. ^' . * 

The Converse , A statement of implication has a converse, 
which, in general, is not equivalent to the statement. The converse 
of the statem'eni^"A implies ^Ei" is the statement. ^'B implies A", 
Clearly if the statement "A implies B" -^nd its converse are both 
true, then A is equivalent to B. The^ converse is particttlarly 
important irl geometry. We make a statement in the form "If A, 
then BV^d are frequently also "interested* in the statement ' 
"If B, then A", ' * . k 




Consider the following valid proposition of geometry: "If 
two angles are vertical to each other> then they are congruent to 
each other." This ±s sometimes stated in the foi^ro 'Vertical angles 
are congruifnt. " The converse of 'this statement would be: "If two 
^angles are congru&nt to each, other, then they are vertical to each 
other." This converse is not a valid proposition V)f geometry, (i.e. 
is"-not true) for we may epchibit two angles which are congruent to 
each other but which are not vertical to each other. 

Exercises 3--1 

' * \. 

1. Let P be the statement "6 is ah even riumber/^ancjl let Q be 
the statement "all whole numbers between 5 andi-£ are even". 
Write out the statement indicated (whether or^jaot such is true), 
. (a) P and Q ' . ' # ' 

(b) P o? • Q ^ • . • 

(c) . If ,.P, then, Q • ' • 

(d) Q 'is not true (be careful how you do this) 

(e) If tQ is n6t true, then P .is true. • ' * ' \ 

2* In' each of (a) through (e) of . ""^U: state whether the statement 

* given is true. • ^ \ ^ 
3. Explain why, it is true ^^t if . each of two statements is 

equivalent to a thirds then the twcr statements are equivalent 

to each otheir. 
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4^ Suppose and y are numbers. Consider the statement of 

implication-: If x • y is positive, th^n x is positive r^->™- 

(a) State its converse • 

(b) 'State its contrapositive . 

(c) State which of (a) and (b), if either, is a true statement. 

5. Give an example of your own of/a statement "of implication 
<?(a) which is true. 

(b) which n 

(c) which is true but whose converse is false. 

(d) whose converse is true. 

(e) whose contrapositive is true. . . 

6. If 'you are at least vaguely familiar with the notions of 

J congruence and vertical angles, draw two congxaxent an^K^s which 
are not vertical thus justifying the last state.ment preceding 
the exercise^ bf this section. * ' i 

2. Postulates and Proof . - • ' . ' 

In. any discussion, we assume a good many things.^ We assume 
that specific wbrds mean what we understand them to mean. We 
assume the properties of elementary logic — that » sentences mean ,what 
they are supposed to^ for example, that ^the statement "If A is 
true, then B is true" is equivalent to its contrapositive: the 
statement, "If B is not, tme, then A ;is not trua»". We also 
have to assume some properties of the particular subject matter ^ 
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under discussion. In Euclidean geometry^ for instance, we 
^ usually assume that a line is a set of points and that for any 
two points tfiere is exactly one (straight) line containing the s 
two points. ' 

The assumptions we^ make are, so to speak, a poirjp; of departure 
for oiir further stud y.- In formal geometry, we usually call the 
assumptions "postulates". And we try to write down specifically 
what we are assuming to be true. Othl|pwise ,we would have a rather 
fuzzy base of operations. On the basis of our assumptions we can 
then draw certain conclusions by use of elementary^ logic. . We 
sometimes call conclusions we can draw "theorems" or >iIprQDOsitions" 
The justifications for the various conclusions ate cabled p|roofs: 
A proof of ^a theorem is an explanation of why the statement of the 
theorem must be true (or cannot be false). 

It. is hecessai^ to make definitions of words we use if the ^ 
meanings are r^t already clearly and unambiguously understood. 
^^J^hujr w.prds ifke. "angle", "triangle", and "circle" should be 
defineci in ^ometrj^. Words lilce "and", "is", "there"', and "or", 
are consj(dered to be understood. There are qome words for- which 
wfe^ do not or cannot give explicit definitions^. These wAll be the. 
so-called undefined terms of our system. In gepmetry,i "point" 
"line" and "plane" are examples 'of undefined terms or concepts.^ 
The postulates tell us what we assume to be true about points, 
lines, and, planes. The thebrema tell us what we can conclude to 
be true . " 4 
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Geometry, like other matl^ma^lcal subj>^cts, i-s not Just a 
fonnai system pf definition's, postulates, theorems and proofs to 

studied, Ifeamed, memorized, and (if possible) understood. The 
development o3 intuition and the iindea:^s^ding of ideas is at 
least as important as the "proof" side'of geometry. Geometry in 
the junior high school is particularly concerned with introduction 
of terminology, the understanding of spatial concepts, and the 
development of more geometric intuition. Understanding refers to 
comprehension of ideas and language. It involves learning of 
facts together with Interrelationships of these facts.- It is not 
^simple memarifation. Intuition refers to the_arjJ>icipation of 
facts and i^as before these are pointed *Dut by others. A persoj^ 
with good^eometric intuition can frequently decide for himself 
what >fie facts are and what the theorems ought to be. Naturally, 
at the junior high school level, only a small amount of this type 
of intuition Uan-b9»„ expected-.- • , •* , 

While proofs ajT such are not stressed in this^ook, some ex- 
planation^f the^form and methods of proof is^ called fot. Let us 
consider an example. Supf)Ose we have statements A and* B and 
we wish .to prove that A implies B, i.e., that the statement 
"If A, then B" is true. * 'We 6alls"A" the hypothesis and "B" 

9 'J 

the conclusion of the statement. 

^ ^Sometimes B as a statement is pimply a rewording of '•A (or 
is immediately implied by A) in which case the proof might 
occasionally properly be stated as "obvious". 



'More often, however, the , statement "If A^, then, B" is not 
immediately obviously true. One possible method of proof is to 
find intermediate .steps in a "di'rect" type argument, ferhaps'we ' 
can find statem.ents> C and D such that 

^ A implies C, ^ - 

^ C impliei^^ D, ^ V 

and implies B. - * ^ , '\ > 

Then we may conclude that ' A .'implies B. For, note that if A 
is true, then C must be true, jjhlcly^eans that D must be true. 
Which means; that B must be true (which is' what we wanted to 
jShow). ' . 

# 

* .When the proof is in the fom. of a sequence of statements ^ ' ^ 
like the above, it may be that eaoJv step can be' justified by one' ; 
' known ^rop'erty^ If so, the'argumeni-iLs usually easy to follow. 
But it may be that each^^st,^ .need3 ^rly lengthy proof 
itself. In Such cases the form of the argument may get complicated. 
But the .idea of the argument may still be simple, ? , . ^ • 

Another method of argument is' the so-called "indirect method " ^^.^ 
or argument by ^contradiction. Suppose we want to show that "If A 

is true, then B is titie". If this statement were false, then ^ 

, \ . ^ 

(1) A would be true and ! 

(2) B> would be^false. ' 
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We .suppose both of these are so. S/^ecif ically we suppose B to ^ 
be false. If as a^consequence of A being true and B being 
false follow^ that' somf (other) statemamt is both true' and 
false", then we^ve^a contradiction, i.,e., a situation that ^ 
cannot' logically arise. -Hence our- assumptions cannot all bfe 
true. Therefore It cannot be that A Is tj^ue and B is false. 
•Hence df A . Is true' then B must also be true which was what we 
wanted to show. 

Exan^es ofj Indirect -arguments are scattered throughout the 
.book. We give an elementary example of such an argument here^ We 
regard 'a straight line as a se^of points.' Suppose we have given 
the ^oparty that for any two distinct points, there can be at most 
one straight line containing them. We wigh to prove "If two 
distinct straight lines intersect, then their intersection cannot 
conta^in two cfi's^inct points". The proposition is of the form 
"If A, then B". We suppose B to be false /i.e.., we suppose 
the intersection -Soefs contain \wo distinct poipts. Ther> 

> (1) each of the two distinct straight lines of our 
hypothesis does contain the two distinct points. 
(2) at most one straight tine can- contain the .two 

points (as is known from the given property )\ ,. 
Statements '<1)' and" (2) contradict ,§^ch other. We have a 
contradiction. Hence the statement '"B is false^' cannot be true 
(If A is true). Thus "If A is true, then B is^true'.'as 
lias to be shown. 



3.13 

.In traditional IQth gr^^e geometry, proofs are usually given 
in a form of 



(l) statement 


(1) 


reason 


(iO^ statement 


(2) 

• * 


reason 


It 










ti 


ti ' 

(k) statement 




' ft 
reason 



The final statement (k) ais usually the assertion of the conclusion 
of the theorem; i.e., "that which was to be shown "(^or, in Latin,^ 
'^Juod Erat Dejnonstrandum", ^, 
In actual practice in mathematics, however, proofs are almodt^ 
•never given in this form. A proof is written /Out as a paragraph 
or several paragrapHs, The formal presentation JLn geometry texts 
. is designed not as the only way to present a pr6of, but rather" as 
a means of .emphasizing the significance of implication, the de- 
pendence on p3;'eviously established results^ and a logical step-by- 
*step procedure, . In junior high school geometry, a more casual 
form for a proof seems called for in those few cases where proofs, 
as' such, are needed. The critical^ aspect of any proof is not its 
form but its validity, i,e*, its logicaT soundness. 
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3.14 ' ' ^ ' 

Finally we ask how we might sho|. that an "allege^i" theorem 
is false (or not valid). We might be given a "proposition" and* 
be asked to detennine whether it is true or false. If the 
"proposition"" asserts something to be so for all cases of a 
certain type, then we can disprove the .proposition by exhibiting 
an e:xample of this type for which ti^e assertioif .is not so. Con- 
sider the statement, "All primes are odd "fiumbers. " We^ can 
disprove, this statement (show it false) by exhibiting the number 
2 which is a 'prime and is not an odd number. 

3 

? . Exercises. 3~2 

1. .Write out two or three of^the postulates of geometry (as best 
you- pan remember them). ^ . ' 

2. Recall (as best you can) ^ome ptoj)ositi»on of geometry that we 
haven »t -mentioned. Write it in the "If--then--" f oinn. ' Write 
its contrapositive an^^^lt^^^con^^ possible. (For some 
propositions ^these are rather tricky.). 

3. Write, three "theorems" about numbers (in the<i"If — , then — " ^ 
fonn). Write the-e'onverse of one of^ these and the contra- 
positive of another. ' \ " 

4. Write out an -"alleged" theprem of geometry which you^can 
disprove by example. - ^ , 

5. Explain* why the following two statements, are not. In general, 
equivalent. 

(a) If A, then B - • . - 

(b) If A is false, €hen is' false., 



. Chapter 4 

" \ ^ 

Abstractions and Representations. ' t> . 

/ . ' ' ' 

For almost all people who study any mathematics, the subject 

'matter Is properly regarded as a tool for use^ln problems. that 

aVise in everyday llvltig^ Some of these problems are technical or 

to t 

-scientific In nature but most are applications of arithmetic. . 
Tlie problems of arithmetic usually d^aj with couYitlng or with 
measurement or with bbth. 

The system of numbers which we use Is, however, an abstract 
system. There are Infinitely many counting number^, (l,2,3^««« ) 
but In applications vf^ neven count more than a rather small 
finite number of objectk In rche world about us, It turns out that 
assuming the existence of ^nf inlteJLy many counting numbers is 
extremely useful In mathematics whether or not the numbers can be 
'considered to correspond to concrete objects In pur universe. It 
IS mathematically (but not physically) unimportant as to whethe^ 
or not there are Infinitely many objects in our universe; But the 
mathSraatlQS we get from the assumption of infinitely many counting 
numbers ^ of tremendous Importance in the scleiitl^c yCovlt of 
today. There would be no modem science or technology if such 
basic assumptions in mathematics had not been made a long time ago. 
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Hence, we should be prepared to accept mathematical systems 
(like the number system) as a\)s traction's of phenomena in the 
* everyday world. Abstract mathematical systems have helped us and 
will continue to help us unders^tand our environment. ' 
^ The basic concepts of geometry are also mathematical ab- 
stractions. A plane, for instance, is a mathematical a-b^racliion 
of a flat surface. When we want to study the common character- 
istics of .flat surfaces we study planes. We specify properties 
,6f planes by thinking of common properties of flat surfaces like 
walls, floors, blackboards, .etc. 

^or any two poinjbs (of a plane.) there is a* point Half -way 
between them. This property of planes (or of lines) "^suggested by 
thinking about flat sui^faces leads to a distinction betweeh the 
• mathematical absjjraction and the physical real;L1?y. 

' A B B*' B B ' 

^32 1 . > 



On the mathematical plane there must exijt the point B-j^ (halfway 
between A •and B)^ the point B^ (halfway between " A and B^), 

, the paint B^ (halfway between- A and B^ ),*and 'SO on. The 

3 * I 2. \ \ 

"halving*^the length" process can be considered continued indefi- 
nitely.. In the mathematical abstraction this seems reasonable. 

But on any flat surface such A process could be performed pnly a 
very-SmaLl number of times before the "points" would be 
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Indistinguishable. Try to think of it being perfoMed even 50 
times for instance, Evdn wit>i the sharpest instruments it would 
not ^e possible, , . - » 

Where do these considerations leave us?* Concepts like these 
'concerning the mathematical plane have turned out to be extremely 
useful in helping us understand not onljr mathematic's; itself but 
also many applications of mathematics. Even though the mathe- 
matical abstraction does not seem to give a "trUe" picture of the 
physical object, 3»t frequently is of great value. A well-known 
example of this type of reasoning -is the u'se of maps for the 
surface of the earth. The usual, (flat) map of the earth (Mercator 
Projection) involves considerable distbrtions in extreme latitudes 
and does not correctly indicate "shortest" paths for l^ng distance s. 
Nevertheless^ such maps are widely used and make possible better 
understandings of the surface of the eartht" The abstractions from 
the surface of the earth to the surface of a sphere and f rom^ the 
surface ^of a sphere to a flat surface^such as a^map are important, 
valuable, jand practical , i 

— ^ — , , • 

°' It is interesting to note her'^g^^-dif ference between pure and 
app-lied mathematicians. Pure mathematicians study mathematical 
systems as such whereas applied mittjhematicians stud^ applications 
of such systems to various problems that arise in the world about 
us. Both groups of people are important, "Some of the really 
important scientific advances have come as results of pure 
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mathematicians • better understanding of mathematical systems: ''^The 
development of analytic^ or coordinate geometry (discussed in 
Chapter, 12)^ was a result oT pure mathematics-an attempt to under- 
stand relationships between mathematical systems. .Without some- 
thing ^ke analytic geometry we probably would have no modem 
science ^ 

* There is another side to the coin of a'bstraction. While 
mathematical systems are abstractions of physical phenomena, we 
frequently study the mathematical objects by considering specific 
representations of them. A blackboard is a representation of a 
plane. A drawing. of a line is a representation of the line; it is 
not the line. Ijfe often can' understand mathematical systems better 
by considering concrete representations of them. In fact, much of 
our intuition about mathematical systems comes from considering 
representations of them. Our. intu-il^ion about geometric space 
--space as a set of points— eomes "from our natural awareness of 
physical 'spa'ce--the three-dimensional' environment in which we live. 
But we should not confuse the mathematical system with Its 
representation. We may think of the walls of a room Ss planes. \, 
Howevei^, the walls are not the planes. Just models of them. 

Sometimes our language leads to confusion on this score* We 
should try to think, speak, and write with clarity and precisidn 



The statement 'Draw a line" really means 'Draw a representation of 

a line." While for simplicity we may use the expression 'Draw "a 

line" we should keep in mind what is meant by it, 

' . J. 

Because we shall regard drawings as representations .of 
abstract mathematical objects or entities, it really is not im- 
pdrtant mathematically how "accurate" our drawings or stetches are 
lirawings and sketches are to 'sugge^ ide^s. Whether we "draw a 
line" fi'^and oi^ with a straightedge makes no difference mathe- 
matically, the thing drawn is only a representation of a '.line 
anyway. Whether we make drawings freehand or with instruments may. 
however,- make some difference pedagogically . The nature 3f the 
audience ^nd the uses to which a drawing is to be put will 
frequently determine the type of drawing to be made. We should 
be sufficiently careful in sketching to get our ideas across. We 
should hot be so' meticulous that the processes of drawing either 
interfere with the effective communication of ideas or replace 
mathematical con6epts with artistic ones. 

In classical geometry, the unmarked i^ler and compasfe were . 
the /M:ooLs" that were allowed. Questions concerning geometric 
.constructions using only these "allowable tools" are legitimate 
ones in geometry. These questions can be (but usually are not) 
phrased in terms of aSstract concepts arid processes. 
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Exercises 

In your ovm words describe what is meant by a mathematical 

i 

system as an "abstraction.". ' . ^ . 

Explain how the symbols used for numbers may be regarded as 
"names" or "representations" of 'the numbers^. 
Without looking ahead to the next chapter, describe or define 
a "triangle". - Keep your definjLtion for comparison with that 
of the textr 

Without looking ahead to Cha^>ter 5 and'bhapter 6, describe oi* 
define an "angld". Does a triangle "have" any angles by your 
'definition? Re-examine your definitions later. 
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Chapter 5 

* ' Non -Metric Geometry. 

: ^ . ^ 

" . \ 

1. When we say non - metric geometry, we^are referr;Lng to that 

part of geometry which does not have to do with measurements We 

might call i*t no-measurement geometry • In this 'chapter we shall 

be reviewing and restating several of ' the important facts and 

poin^s-(j^-view of 'traditional Euclidean geometry. But in ac- ^ 

cordance with the chapter title we-^hall concern ourselves with that 
« 

"fragment pf Euclidean geometry which is independent of jneasiirement* ' 
Very little of the terminology of this chapter will not.be familiar 
to most reader's. We shall, however, give, special or restricted 
meanings to a. few of the words. * ^ ^^^^^^ 

* We co|isid,er space (an abstraction of ordinary every-day thr^e- 
dimensional space) to -be a set of points. Intuitively speaking,, a 
point represents and 1? repr^septe.cl by a position or location in 
space • ' ' ' - . 

\We shall give some of the basic properties of space and its 
subsets. There are certain subsets of space which ^e^^of fvmda- 
mental importance in ^^Icllde^ geometry. The most^ important of 
these are (straight) lines amd planes; Each (straight) line, is a 
set of points of space and eack^plane is a set of points of space. * 
We shall iinderstand that each line extends indefinitely far in . » 
both directions. Later, we shall ^specifically think of portions 

♦ 
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of lines. In.gepmetry, we study such things as properties of the 
set of all lines in 'space or the set of all lines inr a plane and we 
study properties of the set of* all planes 'in space* 

We intuitively understand a line t.o/be what we t^hink of .as 
straight and a plane to be '^vfhat we think of as a flat surface. To. 
study flat surfaces, we abstract the notion of flatness and call 
the mathematical flat.surfaee a plane. To study pf operties. of 

r 

planes, we think of properties of flat surfaces. If we wish to 
draw a picture of a plane we draw 'something suggesting a flat ^ 
surflice. ' 

Possibly the most fundamental property of the set of lines in 
space is what we shall call- ^ ^ 

Property I: For any two distinct j?oints in space , there is 
one an^ ^oTily one line containing the two points ./^ . " 
>/e^|iay think Of this property ^fcthe straight string 



id property or the "line of sigh't" proper^. For any two points 
1 , 'J y ^ . C * - ^ ' 

^ . (pjo'sitilpis) in a room (with no obstructions), a stfing can be* 

s1i^»^etched between the two points (there is One line containing 

^ the two points). Any other string stretched between the two points 

^ would occupy the same place as the first string (there is only one 

^ line containing the two. points). If A and B are points, we use 

*the symbol AB to denote the line containing and B; 

We might note here that another important property follows 

from our Property I: i.e., can be proVed on the basis of^ Property 
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•Property I-A. If two distinct lines Intersect ( have £ non- 
empty Intersection) , then the Intersection Is exactly one point* 

Proof: Suppose the two distinct lines and / 
* such that ^^n^2 contains tjie two distinct' points P and Q. 'By ^ 
Property I, only one line can contalrl both P and Q. Therefore 
fl^ and ^2 "^^st be the same line; I.e., jf^ and J^g must be different 
names for the same line. This contradicts the fact that Jl^ and ig 
are distinct and therefore complete^ the proof. 

We next state a property relating the set of all lines with 
the set of all planes.' 

Property If a^ line contains two points of a^ plane, it 

lies In the plane . ^ ^ 

We could alternatively say that the line is a subset of the 
plane or Is contained In the plane. This property practically 

t 

describe^ what we mean by a surface being flat. We might jsay that 
a furface, Is flat If, for each pair of points of it the line Join^ 
ing therif*iles in the surface. . , « • ^ 

Note that any plaAe must extend 'indefinitely *far,* for it 
pontalns lines which do. * ' ' . . . 

Property II gives us a property of the set of planes. ^ 'It. 
tells us something about what planes are. like (in terms of lines)'. 
It does not say what will determine a* plane. To assert -what is 
sufficient to determine dkf)larf& we have . ' ' 

Property III: For any three distinct points not- all on the 

<» • *. ® 
game line , there is one and only cfne^lane containing the three 

£ol2ts. ■ ^ • . _ . 




. Note the similarity between Properties, INand III, Property I 
says that if A and B are points and A is not the ^same as B, then 
there is a unique^ line containing A and B. Property III says that 
if A, B, and C are points and^ there is no line containing A^ B, 
and C, then there is a unique plane containing A, B, and*C, 

Property III might l(e called the "three-legged* stool" 
property. If you hold a three-legged stool up in a fixed plac^, 
a flat surface can be held against the three tips of the legs 
(there is one plane containing, the three points). Furthermore, 
a^y flat surface held against the three tips must coincide*with the 
first one (th^re is only one plane containing the thnee„points) . . - 
There is an interesting property which follows from Properties 
I, II, and III; i.e., is implied by Properties 1,^11, and III, 

Property III-A. if th^^intersection of two distinct i^lanes ^ 
contains 'two distinct points , then the intersection must be a 
line . ' . y^^' ' ' ' ^ . 

Proof: c Let and ^be the 'distinct planes [such that 
^M^n contains the distinct points and Q. By Property I, 
^here is a unique line (call ity?) containing P and Q. 
Property II, is a sublet of and also ? is a 'subset of'll^ 
Therefor e Nj , H rrontain^- the linl^^.* If M^O contained ^ 
point R not on^, then P, Q and R woujd be three points not^r^ 
the. same line doesn't contain all three and any line, other tihah 
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a cannot contain even P and Q). Then and would be distinct 
pranes containing the three points P, Q and R and Property III * 
says this cannot happen* Therefore, M^fl not only contains 
but is^J?; the intersection is a line. Thus Property III-A is 
prove^^* . ' . * ^ 

Another useful property follows from those we- have stated.* 
Its proof is left to the exercises. 

Property III-B. 1£ ^ a. line and P is a point not on ^, ^ 
then therfe is one and only one plane that contains P and kj^ 

' y «^ . y . ~ 

Exercises ' 
1. Suppose P, Q, and R are three distinct points and are all in 
each of two different planes. What can be said about' P, Q,^ 
andR? \ 



2. Suppose pQints P, Q, and R are' in only one plafie.. What can 

M ^- 

be jsaid about the line containing P ^d Q?, . ■ . - - * * 

(a) Suppose, three points are not the^^same line^. -^'Sow 

V* ' ■ . » ' • o /• ^ , 

* many different line^ contain at leasi twp^ of th^m?-^ 



(b) Suppose four points are\npt ai:& in the, saife jJl^e. "^How^ 
m^y different planes contain at l^ast three oVthem? 



(c) In (b) how manj different lines contain at l^asjb Iwp^.of ^ 



them? * 
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(a) How many different lines "may contain one point?* Two 
distinct points? 

(b) How mahy different planes may contain one point? Two 



. ' distinct point s?^--^ree distinct points not on the same 
line? \ 
5. Prove Property III-B. 



2» Intersections of Lines arid Plages in Space , On the basis 
of Properties I, II, and Iir^e are able to arrive at some con- 
' elusions concerning the nature of intersections of lines and 

planes in space. In fact, ^operties I-A and III-A embody Just 
* such .conclusions. 

Case I: ^ Intersection of Two Distinct Lines, 

Let and /f^ denote two lines with j^/^ 
• (a). Suppose i-.e.' ^ ' . , 
not empty. Then 
b/ Property I-A, ^^Jl^ils 

a set' consisting of a, single 
point. We shall show that • 
must be a subset of 

oi^e plane. For let P be the point of Inter- ' 
section of and Jl^. Let be a point, of 
^other than P and let be a point of JP^ other 
than^. Then P, Q^, and can not be on any 
one line and thus there is a unique plane 
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•containing P, and Qg. But Ijy Property II 
this plane must contain i-^ (sin^ it contains 
P-and_^) and must contain J^g (sin'ce it -con- 
tains P and Q^. ' ' ^ 

(b) Suppose ^^0^2 = i.e., H^DJI^ Is empty. , '"^ 
Then one of two situations , is' true 
i) and subsets " 

of the same plane. In ^ 



; this event, Jl^ and 
I are called parallel, lines. 

ii) and J?2 ^are not sublets pf the same 
plane. Then Jl^^ and J?2 are called skew 
lines* Many pairs 
of ^ skew lines are 
suggested by objects ' 
in a room. JV "north- 
• south"' line on the 
ceiling and an "east- 
west" line on the 
; ^ floor are ^skew. 
War might reorganize Case I as follows: * If J?^ and J?2 ' 
are "distinct lines, then either 

l) i^U>P2 not' a subset of any one plane. 
In this event, and J^g are skew and.' 

i^nje2 = or ; 




Plane M 
* MDJ?2* pierces M. 
Jl^^ and J?2 are skew. 



' 52 



Case 'fl: 



5.8 ^ 

^2) is a subset of some plane. If 

1^9.^ =: J2f, then and are parallel. * 
If /^n ^ then point. 
Intersection of Two Distinct Planes.:^.. , , ^ 

Let and denote planes with M^'^ M^. 
(a) Suppose M^fl = J2f., i.e., and have no 
points in common. Then- M-j^ and are said^xto 
be parallel. Usually, 
planes of yt\B floor 

and ceiling of a room 
' are parallel. 




(b) Suppose M^n ^ J2f, i.e., and do inter- 
* ' " sect. We need one more property of the '^Mt 

of planes in space ,to handle this case com- 
pletely. This property like the others is 
Intuj^vely rather clear. 
Property IV. If two planes intersect , the ^Ijitersection 
contains . more than one point. . . 

Therefore if M^fl 0, M^fl must contain more than one 

point. Thus by Property III-A, 'the 
intersection must actually a 
straight line., Jwo positions of a 



door represent planes whose' inter- 
section would be the line through 
the hinges of the door. 



M. 



M.n M. 
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We may summarize Case^II, * 

M-j^n'M2 is empty, 'Then and are parallel. ' 
ii) M^n is not empty. Then M^O is a line. 

Case III: » Intersection of a Line and a Plane. ' ^ 
Let M be a plane and let Jl he a. line. 

''I 

(a) Suppose Mfl/^ = 0, i.e., M and do not 

intersect. We say .that M and Jl are parallel 
or that the line Jl is parallel to the plane 
M. Any line in the plane of the ceiling is 
parallel to the plane of the floor. 
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(b) Suppose MflJ? 4 0, i.e.,^M and X do intersect. 
Then either MflJ^ consists of exactly one 
or mHj^ contains more thain one point. In 
letter c^se, by Property II, ji must lie in M 
or, in pthej/words, /CM. 

■ .\Jl ' 




, We may sunlmarize Case III. ^- • ^ • 

i) ' MflX is empty. ' ^ 

ii) ,Mnj^ is one point, 
iii) MD^. 

Note that in all pf these discussions we have not used the 
concept of distance or measure at all. We have been concerned 
with what are called "incidence relations", i,e« intersections 
of lines and planes. 

In st;udying and understanding geomet]^ considerations like 
. -^ose of this section, the teacher or student ought to think in 

terms of .the geometry, that is, typical represehtaWons oi the 
^'mathematical objedts. He ought not to memorize facts as* such, 
but rather he ought to. get the gepmetric point -of -vi.ew through 

• visualization. If he does, then he will Know the "facts" without 
further effort becauseshe will understand the intuition and 
spatial relationships behind thi^ aspect of geometry; . ' 

Exercises 

• 1. describe two pairs of skew lines suggested -by edges in your 

room, \ 
2. ,On~your paper, label three~ points' A, B, and ^C s^ rtl^t is ' 

not Ap; Draw the lines AB and kO. What is AB fl AC? 
3.. Carefully fold a piece of paper in half. Does the fold 

suggest a line? Stand the folded paper up on a table (or 

desk) so that the fold does not touch jbhe table/ The* paper 
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makes sort of a tent. Do the^ table top and the folded paper 
suggest three plahes? Is any point in all three planes? 'What 
is the intersectlTon of all three planes? Are any two /of th^ 



planes parallel? 
Stand* the folded paper up on a table with'' one end of the fold- 
touching the table. Are three plames ^uggested?'' I3 any 
point ifTall three planes? V/hat is tke intersection of the 
three plames? * 

Hold the folded paper so that Just the fold is on the table 
t'bp. A^e three plahes suggested? Is any p^int in all three 
planes? What is the intersection of the three pla^ies? 
In each of tbe situations Gf Exercises 3, 4, and 5 consider 
only the line of, the fold and^ the- plane of the table top. 
What are the intersecjbions of' this line and this plane^ You 
should have three answerfe, one "for eacJi of 3, ^, and 5. 
Conside^ three different^lines, in iT plane. Hovr many points 
would there be wi.th .each'-point on^t-least two of the lines?. 
Draw i^r figures skowing how a, 1, 2, or 3 might haV^ been 
your ^swer. Why could, not your answer have been 4 points? 
Consider this sketch: of .a house. 
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We have labeled eight pofnts on the figure. Think of the^nes 



and plan0i suggested by the figure* Name lines by a' ^air of 
points and planes by three points. Name: 

o 4 

**^(a) A pair of parallel planes. 

pair of planes whose intersection is a line, 
(c) Three planes that intersect in a point. •/ 
J[d) Three planes that intersect* in a line.* 

(e) A line and a'plane whosA|ptersection is empty^ 

(f) -'- A pair of parallel lin^s.i ' ^ 

(g) . A pair of skew lines. l , . . , ( ' 

(h) Three lines that intersect in'^a'point. 

(i) Pour planes that have exactly one point 'irj^ common. 



^ 3. Betweenness, Segments and Separations? 

- — : ' ] ^ . ' 

If P, Q, and R are 3 jVoints of a line then it is intuitive* 

that one must be between the othen two. ' In the drawing. P is 

/between Q and-R. <^ • • 



1% Q.^ 



shall. assume betweenness prcJJ)erties of sets of points on 

^ - 

a line without explicitly s^>ating these, properties. An example of 

s^h an assumption would ^^e that as* in the figure 'below, if C i^s * 

between A and D aAd B Is between A and- C then B is bet*/^een A and 

D and C is between B ianff^D. K ^ 

- 

A , . • - 



B 



- c 
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Euclid did not fully appreciate the significance o£:between-. 
ness properties. It remalned:for geometers of the last hundred 
years to emphasise the fundamental nature of betweenness and its 
. associated concept of order of points on a lin^. 

.It is not the intention of- this book to give a complete 

4 

treatment of the foundations of geometry. '^Rather, here, y^e dimply 
note the importance of the betweenness concept and tacitly assume 
what is geCnfetrically evident about betweenness. 

Let i be a line aiid let P an<i Q be points of X.^ Then the 

P 

, ^et of all points which are between P and Q together with the 
points P and Q is" called the segment PQ. We use the notation. Tq 
cxr qF to denot^e the segment. Note that TqcP? (the segment Tq Is 
a subset or th.e line PQf) . The^e will be many ^on texts In geometer 
when we will find It useful to talk abotft segment?, and It is 
frequently necessary to distinguish between a line 'and a aegm'ejit 
wMch Is a part of" It. , i' ^ 

We next consider an important relationship which has three * 
_\ Similar manifestations.,- ' ....^^'^ 
^ ^(a) If / is a line and P is a point pf i then P sepaf^ates J?- 

^ into two half-lines. The set. of points of the line \ ' 
\ .other than P is l^e union of 'these two half-lines. • / 

These. two half-lines' do not^ intersect. We cail P .the 
♦ ' ' ^ *■ 

''boundary on ^ of each of tKe two halT-iines. 




r 



(b) If M is a plane and >^ ls_a-J.lne-~ln M, then / separates^ M 
ir>to two half-plahes. The set of all points of M, not on 
K is the union of these two half -planes. These two 
half-planes do not intersect. We call a the boundary ^ 
in M of each of the two. half -plane^. 




(c) If S is. space (the set of points of space) and M is a 
plane (in S; of course) \hen M sep^arates S into two 
half-spaces. The set of dll points of .S not in M is 
the union of th^se two halr^-spades. These two haj.f- - 



spaces do not intersect^.- 



^ We call M^^tlre- boundary- in S of^^ach of the two half-^spaci$s. 



Let us think of an^e:jaraple. The plane .of the floor separates. The 
set bf^oints a^ovfe the plane from the sel^ of points below the 

I^lsche. y^ - . ^ ' . \ \ * -T' ' 

One of the properties of* these separations can be stated in 
terms of betweenness.^ We state 'it. f9r the cfise of. a line 
separating a' plane (Case B). ^ 
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Let ^ be a llpe in the plane M. Let P and Q be points in 
different half -planes determined by J?. Then there is a point of 
Jl between P and Q. 

Let X and"^ be points in the same half -plane determined by/. 
Th^n no point of Jl is between X and.Y. In' other wor^s, we have a 
criterion for ^detefMning whether two points of M not on X are in 
, the same half -p lane Vbounded by J?. They ar6 in the same half-plane 
if -and only if no point of / is between them.. Analogous statements 
can, be made in Case A of a point set)arating a line and in Case C 
of a'' plane ^epar^ting space/ 

Sometimes in-Case B of a line X separating a plane M we calP 
f^-'v^th^-hjilf-plahes bounded by Ji the sides of J? (in M) and we denote 
'the .sides of Jl by n^ames of points in the sides. In the figure 
abdve we say the P-slde of the^X-slde' of J?, the Y-sldfe'of or 
the Q-aidc. of x. Note that the first three of these are different ' 
names for* the same set. The P-side of J^ ig the X-side of /'iff 
our example. We also some^m'es call the Q-s'id^\of ^ the **non-P- 
side of"/". , ^ . * . 
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Finally, we wish to Introduqe the term ray.-*" 1^ Z .Is a line 
and P is a point of i then P separates / Into two half -lines 
(neither 'containing P). A set of points consisting df^ Either of 
these half-lines together with P is called a ray of the line. 
The point P is called the endpoint of such a ray. We denote! the 
ray as P^ where Q is some other point' of the ray. In' our 
notation P^ ?^ Q?* 
^ Not'e^ that for the line in the figure: 



(1) X? = x5 = • , 

(2) . x?n pf = T5c. ■ 

(3) xPn = ^ ' - ^ 

(4) P^n P^ is the point P itself. 

(5) P?U P$ = PQ (or OR, etc.) 

Exercises ^3 

Draw a horl§$^tal line. Label four points on it P, Q, R, and 

S in that order frdm left to right. Name two segments. 

M ' ' ' ' ^ ^ . 

(a) whose intersection is a segfnent. 

(b) .whose intersection is a point. 

(c) whose intersection is empty. 

(d) whose union is not a segment. 
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2. Draw a line. Label, three points of the line A, and C with 
B between A and C. ^ 

(a) What IsTEC]'^? ^ ' 

" (b) What Is I^niC? 

(c) What is HySS"? • 

(d) What is "SbUI?? 

Draw a- segment. Label Its endpolnts X and Y. Is there^a pair 
Of points of XY with Y between them? Is there a pair of points 
of XY with Y between them? 
h. Draw two segments AB and ^ for which ISn^ Is empty but 
.ABflCD Is one point. 

5. Draw two segments Tq and r5 f6r which TqIIrJ Is empty but 
?t Is I?. . * ' , . 

,6. Let A and B be two .points. Is It true that there Is exactly 
one segment containing A and B?^ Draw a figure explaining this 

problem and your arjswer^. ^ 

/ ^ _ . ^ - 

7. ^In some older geometry books the authors did not make any 
distinction 'between a line ^and a segment. They called each 

a "straight line". With "straight line" meaning either of ' 

these things, explain why we cannot say that "through any 

* "i lit ' . . 

two points there Is exactly one straight line." 

8. Consider the figure at the right, 
(a) Is the R-slde.of*>^ the same 

as the S-slde of i? 
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(b) Is the R-slde of J( the same ., 
as the 'Qlsidl? ' 

(c) Arfe the intersections of X " * 
and ?Q, and empty? ^ 

(d) Are the intersections of Jl 
, and q5, X and Tr empty? 

(e) Considering the sideS of 

are the previous two answers ^ 
what you would expect? 
^ Draw a line containing points f and B. What is 
What is the set of points not in 

10. Draw a horizontal line.* Label four points of itM, B, C, and 
p in that order from left to right. 

Naune two rays (using these points for their descriptiQn)j 

(a) V/hose union is the linei 

(b) Whose union is not the line but contains A, B^ C, and D. 

(c) Whose union dojes not contain A. 
' , (^) Vhose intersection is a point. 

; {e) Whose Intersection is ,emp%. 

11. Does a segment separate ar^lane? Does^ a line separate space? 
1'2. Draw two horizontal lines k knd 6n your^aperT These ~ 

' lines are parallel. Label point ? on ^ . Is every point of 
/ on the P-side of k? Is this question the same as "Does^ 
the P-side of k contain i"? 



{ 
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The idea of a plane separating space is related to the idea 
/ of the surface of a box separating the inside from the out- 
( side. If P is a point on the inside and Q a point on the,, 
outside of a box, does Tq intersect the surface? 
lii. Explain liow the unloit of two half-planes might be a plane. 
15# If A and B are points on the same side of the plane ^ (in 
space), must f| M be empty? ^ Can AB.fl M be empty? 



k. Angles and .' Parallel Lines. 

Let A, B, and C be three points nat all on the satme straight 



line. 




Then T?y Property III of Section 1, there is a unique plane whicK 
contains A, B, and C. By Property II of Section 1, the plane 



BC, and 



-which contain^ A, B, and C also contains the lines ^B, 
AC and. of course, all subsets of these lines. 

The set bSUb? (the union of the ray bK and the ray bJ) is ^. 
called the angle ABC (or /A^C) .^^^'S. is called the vertex of the 
angle. The letter designatingirthe vertex is alway& ^written as 
th^middle of .the three lettei^s denoting the angle. - We note that 
/ABC =± /CBA'but /ABC j^/ACB.- By the definition aboye an angle is 
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a' set of points is a subset of a plane. In Chapter 6 we^ 
shall deal with measures of angles but for the time being we are^ 

only concei?ned with an angle as a set of points, , 

- J 

We could have, equivalently, defined an angle as the union 
of two rays not on the same ITne^and with a common endpoint. 
Note that this defihi'tion rules out "straight angles" and 
"zero-degree angles" as angles. Some people (and some mathe- 
mat^cians) may object to this restrictive definition but because 
of its simpliQity, the useful purposes this definition serves, and 
the difficulties inherent in other possible definitions, we choose 
to use it. In Chapter 11 (on the circle), arcs -and central angles 
of various degree measures are discussed. 

An angle (like a line) separates the plane of * which it is a 
sublet into two parts which are called. the interior and the 
exterior. of the angle. The angle is not in either part. The 
shaded portion below is the exterior, the unshaded portion the 
interior of /XYZ. ^ ' " 
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To be pre^.l8e, we define the interior of the /XYZ a's the 



V 



intersection of the two half -planes, the Z-side of XY and tfie 
X-side of In the drawing the point P is in the interior of 

the angle for P is on the Z-side of XY and is on the X-side of YZ. 
The exterior of the angle /XYZ is defined to be the set of all* 
points of the plane which are not on the angle or in its interior • 
The points Q, R, and V are- all in the.' exterior of the angle. 
Two angles are said to be vertical if their union is the 

union of two lines. Two angles are said to be supplementary / 

/ 

(or supplement each other) If their union is the union of a line 

•apd a ray. (In other contexts, it will be convenient .to say 
that two angles are supplementary if the sum of their ,d:egree> 
measures is l80. They need not be "adjacent".) 

Suppose ICb and Tq are , two segments as in the figure. We 
suppose PB-riAQ ds the point 0, 




We widh to establish a one-to-one correspondence between the set^ 
of points of AB and the seti&f points of Tq. For each point X of 
1b, let X« be the point of Tq on the ray 0^. Fpr each point of TS 
there is exactly ^one such ray and on each suph ray containing "^a 
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point of AB sphere is exactly one point ojpj PQ, Pnrthermore each 

point of PQ* is on one a-uch ray. Hence-^byl use of these rays 

through 0, we have a one-to-one corresp^dencec between the set 

of points of AB and the set of points of PQ. 

K ^ ' 

We might also note that the conSblderation above also gives a 

<? 

one-to-one correspondence between (i) the set of points of the* 
'segment IS aind (ii) the set of rays each of^hich has its end- 
' point at 0 and lies in the set which is the union of /BOA and its 
interior. We might describe the correspondence thusly: 

for X arty point of ICb^ 
X<^ 

Parallel Lines . It has alrea^iy been observed in Section* 2 
that i^ two lines are in the same plajne ajnd do not intersect theff 
they are said to be parallel. ^The concep4L_of two lines being 

parallel does not involve measurement;' ^t involves non-intersection 

J* 

of the pair of lines which are in th^ same.plan^. , However; most 
./ 

criteria for determining whether two lines are parallel involve ' 

'/ 

c^oncepts of measurement: of equal distances or of congruent 
angles. » , 

Historically, Euclid stated his famous parallel pcJstulate „ 
' which, rephrase^l^, asserts ' ^ ^ ' < ' - 

Property V: J[£ £ line and P is a point , not on ,.0 then 

in the plane containing P and ^ there is one and only one line 
, which contains P and does not intersect X . - * - ^ 
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.In Euclidean geometry, this property is regarded as intuitively 
clear, 

' ^ We may deduce several other properties from. Properties I - V, 

§ 

Property V-A. If Jl-^ and J?^ and k are three distinct lines • 
in a ' plane M, Jp^ and jl^ are parallel and k intersects then k 



intersects Jl^* 




'5'^ Proof:' Let P be the point ot intersection of Jl. and k, Tlien 
by Property V> there is only one line io M which contains P and 
does not intersect But is such a line. Therefore k must 

intersect j^^. / ' . * / ^ 

' ' We might note that if and are parallel llntjs ' a nd k is 
a line in space which intersects k need no^^' intersect J^^ for 
'^'^k and J?^ might be sk^W'lintes. - ^ « ' 

Property' V-Br- If Jl-^, JL^ ^ are three distinct lines in d 
^ plane , and^J^P ar^ - parallel and ^ is parallel to J^^,then k JLS 
parallel to J?^." ' ' ' 



Proof: If ^.nteVs^ted Property V-A, k would 
intersect also and k Is given as i3arallel to Z^^. 

y A property lifee V-B but without the restriction that the 
lines all be in a plane is also true. The argument is mof'e . 
complicated than that given. For instance, it is necessary J^o 
prove that k and J?^ niust be in the samp plane. 

There are some contexts in which we want to talk about 'seg- 
ments or rays being parallel. Twp segments gr a segment and a 
ray or two rays are 'said tp be parallel if the lines containing 
these segments or rays are parallel. A parallelogram, for 
instance, is ^a simple closed curve which is the li^on of four 
segments with 'each parallel to sbme other. Sometimes the symbol 
"IP* is used to mean "parallel".. For example, ] ] Tq means that 
the segmjents TS and Tq are parallel to each other, m^e symbol ZI7 
is^used to de/iote a parallelogram in the same sense that A is 

used to denote a triangle. ' 

/ ... ' • ^ " 

, ! . Exercises ^-k ' - ^ 

-1. Label three point3 fX, ff, and Z not 'all on .the same line. 

(a) Draw /XYZ and'^XZY. . Are they different angles? Why? 

(b) - Is /yX§ different from both t!te^^angl^ you have dcawn? 
2. If possible, make- sketches in which the intersection of'two 

angles is ' ^ ^ ^ 

(a) the empty set. (c) .a segmervt. 

(b) 'exactly two points^ (d) a ray, - 



3; 



5. 



6. 



. 7. 
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Draw two angl^such that the interior of one contains the 
other. ' 

(a) If 54^" angles have a vertex and ray in common, must 
^ ^^^^ iTiteriors have^a rion-empty intersection? 

(b) If three angles have a vertex and ray in. coimnon -must 
the interiors of soipe two of them have' a non-empty . 
intersection? 

In the figure, what ire the following? 

(a) ^/ABCU'AB. 

(b) /ABC n AC. 

(c) baOac. 

(d) /ABCUBC 




(a) Express the exterior of 
/ABC in the, figure ^as 
' the " union of ,two half- 
planes.'' 

0 Drstw a figure like that above and shade first- one and 
then, the other of the two half -planes' whos^^ union is 
the exterior of /ABC. ^ 
(a) Into how many sets does the vni'on of two .parallel lines 



separate the plane^, 
(b) Describe. the sets of (a) 
in ±erms of half -planes. 
You may think of the figure 
to the right. 



B 



C • 
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&. Using lines suggested* by edges of a chalk box, give an 
example of two parallel lines and a line which intersects 
on'e but not the other# . 

9» Consider a set M of lines consisting of all lines in a^ plane 

parallel to (or the saine as) ^a given , line, in the plane. For 

example^ M might be the set of all horizontal 'lines on the 

plane of a chalkboard. Describe 
✓ 

a one-to-one correspondence be- 
► 

tween M and the set of points of 
• a line Jl which intersect^s each 
' line of M. 
10. . Using the figure on the ri^t, list^ 
' (a)' all pairs of vertical angles, , 
(b) all pairs of supplementary 
angles. 




t 



5. Special Subsets of glanes in Space. 

Let A, B, and C be 3 points not all on the same (straight) 
line. , ' " ' 

••The triangle ABC (or A ABC.) 
is the union of the segments IS, 
"SC and TS, In notation, 
A .ABC = IbUIcUI?. 
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• Thus- a triangle Is. a set of points and is a subset of a plane. 
The points A, B, and C are called the vertices of the t'riangle and 
the angles /ABC, /ACB and' /BAG are called* the angles of the 
* triangle ABC* Note that an angle . of a triangle is hot a subset , 
^ of the triangle. An interior of an angle islhot a subset of the 
' 'angle nor- Ijb the boundary of a half -plane a subset of. the half - 
plane. It is very common in mathematics as well as in ordinary 
language to use terminology like this. For example, we say "a 
radyius and a center of a circle" l3ut neither is a part of the 
f cir9ie. We speak, of a triangle having an area but the area (which 

is a number of square vmits) is not a subset of the triangle but 

\' 

'mther a number associated with the triangle. Thus our use of * 

. ^ ^ . ,^ 

language is"^dnsi|terit wi€h"preVious usage. * ' . . 

It is intuitively rather clear what we would mean by the 

interior of the A ABC. The interior of A ABC can easlj^ be defined 

as the intersection of the three , halT-planes: The A-side of BC, 

the B-side of AC and the C-side of AB. The '''interior ^is a set of 

points. The intgrsectlon of a triangle and its interior is 

empty. The exterior of A ABC is the set of all points of the 

plane containing A, B, and C which are not on the tri^gle or' in^ 

its interior. We could also say that ^the exterior of ' the, A ABC' is 

the union of the non-C-side ,of AB, the non A-side of BC and; the non 

i B-side *of AC. , • - x - , 
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In geometry, there are many other figures, like triangles; 
which naturally arise* You are familiar with quadrilaterals, 
pentagons, rectangles, circles, etc. Note that the latter two 
of these involve concepts of measure. The rectangle involves the 
concept of a right angle (measurement of an angle) and a circle 
involves- the concept of a Jength (the radius) and hence measure- 
ment of a segment, is convenient to have one term which refers* 
to all figures like those mentioned in this paragraph. We use the. 
expression "simple closed curve". An accurate definition of r 
"simple ;closed ^urve"^ involves concepts beyond those we choose to 
introduce here, ^^t YoV^iiir puV^ of a simple 

closed curve in a plane a^ set of points' which may be represented 
by a figure drawn in the plane without lifting the pencil^ with 
the first and last points drawfv coinciding but with no' other 
point's coinciding, - , ' ■ * ^ 

Examples of figures which represent simple closed curves are 
the ^following: ' 




1 



^Examples bf figures which do not represent simple closed 




1 



One of the important geometric theorenrs of the past century 
Is the theorem that every simple ^^losed curve in a plane separates 
thfe plane* into two sets, atn interior and an exterior. The simple 
closed curve is the boundary of each. We call the interior or 
the* exterior (or a similar set) a region in the plane* 

A polygonal path (or broken-line path) is a unioja of segments 
T^, — , such that each has an endpoin't in common witli the 
following one and there are no other intersections. Examples of 
polygonal paths are: 




Note that in either figure below, it is not easy to tell>whether a 



point is in the interior or the exterior or even if tl^re lis an 
interior or an exterior. • One can observe the interior or exterior 




*by shading or coloring near the curve without crossing the curve. 
Por'any simple c],osed curve J In th^' plane, the plane Is the 
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union of 3. sets no two of wh^ch Intersect': the set J,, the 
interior of J and the exterior of J, We can recognize whether two 
points P and Q not on J lie one in the interior and one in the 
exterior .^y the following criterion. 

If every polygonal path (in the pl^ane) from 7. to Q intersects 
J, then one of P and Q is in the interior and one is in the . 
exterior., On the contrary, if some polygonal path from P to Q 
Qji the plane) does not intersect J then P and Q are both in the 
interior or are both in the exterior, 

* Exercises 5-5 ^ ^ 

!• Label three points A, B, and C not all on the samedine. 
Draw AB,^ACy» aijd BC. ^ *^ . 

(a) Shgle the C-slde of AB, Shade the A-side of BC, Whalj » 
^ set is now doubly shaded? * ^ ' v 

(b) Shade the B-side of AC, What set is rtow triply ghaded? 
2, Draw a triangle ABC, " ' , . 

(a) In the triangle, what is TSOTc'^ - . ^ 

(b-) Does the triangle contain any rays or half-lines? ^ 

(c) In^the drawing extend 15 in both directions to obtain 
. ^What is 150 AB? ^ , 

(d) What is A ABC? 
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Refer. to. the figure on the 
right. ^ 

(a) What is Wfl i^ABC? 

(b) Name the four triangles 
/ in the figure. 

(c) Which of the labeled points, 
if any, are in the interior 
of any of* the triangles? 




(d) Which of the labeled points, if any, are in the 
"exterior of any of the triangles? 

[e) Name a point on t!^ same side of WY as C and one on 

■ ■ / -. - ^ 

♦ the opposite side. , 

Draw a figure like that of -Exercise 4.* ^ 

(a) .iabel a point P not iri the interior of any of the 
♦ 

* triangles. . ^ ^ 

Label a point Q inside two of the triangles, 
(c) Lafeel a point R in ^the interior of A ABC but not in 

the interior of any of the other triangles, (It can 

be' doYie. ) . • ' ^ 

If possible, make sketches in which the intersection of 
triangles l^^s; • 

(a) '' the empty &et. ^ • ' ' 

(b) exactly two points. 

(c) exactly four points-. 

<JK * * 

(d) exactly five 
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\6. Draw a figure representing two simple closed curves whose 

intersection is exactly t]wo poirits. How many simple closed 

curves are represented in your figure? 

In the. 'figure on the right, describe 
f 

the region between the simple closed 
curves in termfe' of intersection, in- 
terior and exterior. ^ - " ' * 
-Draw two triangles whose interse*ction is a side of each. Is 
the union of the oth^r sides of both triangles a simple 
.closed curve? How many simple closed curves are represented 
\ in your 'figure? . * ' * 

9, Think of X and Y as bugs which can crawl anywhere in a plane 
. List three different simple sets of poinirs in t*he plane any 
one of ^hich will provide a'^^xandary between '^X and ¥• • 
10. The line ji and the simple closed 

curve J' are as shown in the figure. 

(a) . What is jflj?? 

(b) Draw a^ figure and shatie the^^ 
intersection of the interior 
of J and the C-*idp of J?." 

.(c) Describe^ in terms of ""rays the 
* • set of points on £ not in - ■ 

the^ interior^ of J. 



\ 
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f 

Draw two^ simple closed curves whose interiors intersect in 
'thiree different regiorrs. 

Explain why the intersection of a simple closed curve and a 
line cannot contain exactly three points if the Wve crosses 
the line when it intersects it. 
, (a) In the (plane) figure cn the 
right describe- a one-to-one 
\ correspondence between the 
set- of rays with endp^int 
at P and the set of points 

of the triangle. . . * ' 

(b) Descii>ibe a one-to-one" correspondence betw^n^ the set 
Of pcjints.of the trlangXe^d the set' of points of the 
othe:^ simple closed curVe. 




14. Draw two pimple closed cairve«, one in the interior of the 



other sucjti that, for no point P do the rays from P establish 
a one-to^^one cori^espondence between the two curves. 



1 



* Chapter 6 

Measurement « 
a. Continuous Quantities and Length , 

There are some numerical questions for which the correct 
answer, In the nature of thj.ngs, must be a counting number or 
zero* -How many children are In the 8th grade at your school? 
How many automobiles are registered In yo^r state? In either 
case, a numerical answer which Is not a whole number Is rldicu- ' 
lous. ' A quantity for which a counting process as such Is 

^appropriate .Is called a discrete quantity, 

There are some quaiitltles — called continuous quantities — 
^ which require measuring and. for- whl?^ counting as such Is Inv 
appropriate. How long Is the house? How hot did It get yester- 
day? -Wiat Is the area of the rug? Questions of this type have 
numerical answers which are obtained by measuring (or estimating 
measurements), /nswere may be given In terms of whole numbers 
or they may Involve rational nuiJibers or fractions. Answers, that 
are given are not absolutely precise as such. Tbe accuracy of the 
niimber used Is usually rest^»lcted by unevenness In the object 
measured, by .the measuring Instrument we use, and by our own 
intention In approximating an. answer. ' ■ ^ 
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In Chapter 7, we shall investigate accuracy and precision of 
measurement in more details In this chapter we confine ourselves 
to the meaning^ of measurement. 

Among quantities we measure are length, arefi^ volume, angle 
' size, temperature, speed, •^voltage and duration of time (to 
mention only a few). In this chapter and book we are primarily 
conce|*ned with the measurement of geometric quantities like 
length, area, volume and angle size. Many of our observations are 
applicable to consideration of other quantities but we stress^ the 
geometric aspects. 

In the previtSiis chapter we observed t$at geometric space and' 

i 

its subsets like lines and planes-^-were abstractions of physical 
objects in the world about us. In particular, lines were 
abstrac^J^^sof straight edges (but without limij:s or endpoints). 
A segment (which is a Subset of a line) is kn abstraction of ^some- 
thing like an edge of a box or a taut string stretched between two 
objects (points). If we want to measure the\length of something 
in the phys^cal^world we have an analogous geometric problem of 
measuring the length of a segm^t. Thus in studying the process 
of measuring the>lengths of physical objects we\tudy the process 
of measuring^ segments in geometry and, ^even^more important, we 
study *the meaning of length in geometry (of distanc^^ between pairs 
^f points). Our ^tudy of length in geometry, then, ^iVes ys in- 
sight pnd ujnderstana-iilg of the measurement of length of any 

i i. 

\ 

\ . 
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straight object in the world about us whether the object be a pin 
a house, or the, straight line path between two^^st^rs. 

In what follows we try to develop fundamental relationships 
between the idea of^ congruence, the pro^cess of measurement^ amd 
the "coordinatization" of rays and other geometric sets. The 
approa^jh is one of emphasizing concepts and developing under- 
standing. - ' 

Length. Let "Sb and Tq be segments represep*^" ks below. ^ 



Our first consideration may well be to ask "Which is longer?" ^ 
V 

Later *we might ask "Which is longer and by how much?" There is 
something intuitive about comparing two segments to see which is 
longer. But l^t us be more specific. "By what device can- we . 
compare them?"_^ 

In traditional Euclidean Geometry, there is a postulate to 
the effect that a geometric figure can be moved without changing 
its size or shape. . This^.-Jwheooro^^ think about it, is a 

rather vague way ^JP^xpressing an idea. What do we mean by 
"moving" a getSmetric figure? For a sfegment, we think of using a 

s 

compass or a pair of dividers to "move" the segment. But even so 
the motion — the process of moving a copy of a se^nant — isn^t 
actually what ve have in mind. A better w^y, of describing wKat 
is meant might" be to say that we can constinict a copy of the 
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figure (segment) near,-^on, or in relation to some other figure. 
Even this isn^t really what we, mean. Prom some points of view, 
the construction process is not important. What is impoi\tant is \ 
that there exists a copy of the figure in any' other place where we 
-want it to be.; 

^y^^ Now what do we mean by a copy of the segment Tq? We mean a 
segment P'QJ^^^ich is "congruent" to ,PQ, i.e., a figure of the same 
size and shape. In this treatment of geometry we choose to start 
with certain postulates about congruence which are assumed^o ^e 
*true. Our congruence postulates (properties) will concern seg- 
ments and langil^^ This is more elementary than having congruence 
postulates concern all sorts of figures. ' We use the symbojL to 
mean "is congruent to". 

Property I: Let a| be a ray and let ^ be a segment . Then 
.there exists exactly one point on the ray A§ such that ^ = Tq. 



B 

Noti that this property is a somewhat rnore explicit way of telling 
us ttiat th,e segment may be freely moved without changing its 
size or shape. Later, we shall see how, using this property, we 
^ can st^te a more genbral property about moving any geometric 
figure. 

If, as in the case of our illustration, X is between A and B,. 
.then IS is longer than and hence longer, than Tq. If X were B 
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(i.e., X and B were names for the saine ^ol^nt) then IS and PQ 

* -. * c 

• • • » 

would-be equally long. ^ If B were between A and X, then -Ib would 
be shorter than 13c ahd as 'fee S Tq we would say, that IS would be 



shorter than PQ. 



B 



, Thus Property I lets us compare any two segments as to 
length. In a full treatment c)f geometry, we should have to state 
other assumptions about comparing segfhents including, for 
^ instance, that if "Fq is longer than ife and IE is longer than T?? ' 
then PQ Is longer than this book, "we shall tacitly assiime 

such further properties wJrthout listing them. These properties , 
concerning comparison of Intervals are_ exactly what one would 
expect. 

Que other example of what we accept is that we can compare 
IS with Tq pr compare Tq with IS glyihg the same result. 
iX) We lay IS off on P$. . 




W ^ IS 

Theref^e Is longer than JS. 
(2) We lay of f ,(jr aS.- ^ ■ 



B 



Y . 



^ = ^Q. \Theref ore, /S ^^ls" 8hQrter'/-thfln..T;^ " 

and hence. Is longed than "55. 



1. 

I 

2. 
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Exercises 6-1 ' ^ 

List five "continuous quantities" npt given In the text. 
With a compass (or pair of dividers) c^ompare the segments 
below with respect to lenfeth^ 

(a). ^ : : B_ ^ [ 



(b) 





4. 




0 

3. Is Ib of the same length as "El? 



Describe the process of comparing IS' with Itself. . 
Try to describe In your own^oTda what Is meant by saying 
that TS may be "freely moved". (Improve oti the text If 'you 
can. ) 



2. Propertied of - Length , t 

.et T5-bfr^ segment.^ There exists a subdjvls|lon of T5 Into 
"segments andJ53 so that T5f== 7q. This observation Is 
tantamount to lettlnfe X b'e the midpoint* of T5'(and asserts that . 
such .a^ldpoint X exists). Our Intuition tejls us also that 
there exists a subdivision of An^b three n on -overlapping ' 
congruent eegments whose union Is PQ. (Tlje segments are called 
^non- overlapping" If no Ijwo' have any Interior point of.; either 
In common J) ^' ^ ' i 1 ^ | / 
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^in' far<it'*JDUr 'InTuit'lon further tells us that the following 
property should be true in geometry. 

Property II* ^ Let be any segment > Then for any counting * 
number k, 't^tere exls,t k non- ^ overiapplng segments vrt^ose, union is 
^hat all k segments are congruent to each other. 
^ In dealing with the aecimal representation af the real number 
system, we are particularly interested in the subdivision of a 
segment into 10 congruent sul^segments. I.e.,. segments .which are ' 
subsets of the original. For- now we can b^gin to see how to . 
associate real numbers with Segments. The reaj. numbers wUl 
represent lengt^?s of segments. We think of- the. segment W.below 
as subciivided i^^o 10 congruent non-overlapping segments. 




'. '.I '.2 '.3 '.4 ' ^5 '.e ".7 ;8 - '.9 " I • 

We may think of the segment TF^ as having length 1. . The segment 

• \ 

TF^^ would have length l/lO and TF , for instance, woulcSl haye 

length 6/10. \ _ " ^ 

Now each of:, the segments of length -l/lO indicated may be" 

c^sidered as similarly subdivided into 10 congruent subsegments. 

Thus, wejhave segments of length .01, .02, _ .03', ... and so on.. 



.8 - .9 



Foi*" example, the-. g^ga^hiJl 



Let us note a fundamental distinction ifi two different- v^ays - 
of s^yMg something. If we say "Given a segment, we inay sub- , , 
divide it into 10 congruent sub segments?, then we are forced to* ^ 
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think of the process of subdividing a segment. We may feel that v 
we could perform the process only a certain number of dimes'. There 
^^ig t^f^^ell be some, last occasion at which we could perform it. 

Hofwfever, if we state the property in the form "Given a ^8*" ' 
^ ment, there exists a subdivision of it into 10 non-overlapping 
congruent subsegments" then there is no process involving our own 
action or any time element. The subdivision exists whether or 
not there is any practicable way -^br us to do the subdividing. 

Thus we may speak of the number .3333 (which is as 

being the lingtiaAof- the segment from P to that point 

wrhich is in the segment from P- to P , 
. ^ ^ ■ Y - .3 .4 * . ^ ^ 

(b)-- which is also -in the segment fi»m P to P , 

.33 .34 

'(c) .which is also in the segment from P to P , 

* - , . 333 . 33;:^ 



(d) and so on» , 




3arly tTie next subdivision of any such segment into 10 congruent 

subsegments yields 'accuracy to the next decimal place. Thus the 

point P • should exist and the length of the segment from 

.-.33-33 ^— * 
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^ the 



/ 



^ *° ^-jooo ■ ^® '^^"^^ """ = -^^^^ happens to 

• • » ■ - / 

same point we get by subdlvlding'fF Into '3 cpngruent subsegments. 

1 ■ ■ ^ , 

} We have interpreted the positive real numbers less than 1 as 
lengths of segments laid 6ff from P. It frequently is convenient 
to thinkUa^ad of feach point of the segment as corresponding to 
a "real ■'number^ -that number which represe^its the length oH the- " 
segment from P to the point. ' By also using numbers greater than ' 
.1, We can similarly cprrespond the poiijts of a ray to^ the positive 
, (or ^ero) rell nxambers. 

Another way of describing this point of vie^ is to say that 
we are "coordinatizing" the ray. We are "establishing a one-to- 
one correspondence between the set of points of the ray ahd 'the ' 
set .of positive real number^ arid zero. The point P co/respond^ 
to zero. ' , • \ 



In order ^to asSert the existence' of the one-to-one corre- 



be the 



spondence whl^h we are 'describing we need' to note ahother ba^ic 
propertyi of geometry. * ^ 

Let' X? bt a. ray and let 755 be a' 
point of for which^ ^ Ib.-' Xet^ 

^iB. (by conslderiijg^the ray Jitlh:- endpoirvt at X^^). Sinvilarly 
let be ,the paint for Which Ig. ' ^ 



Segment* Let X^^ 
0^ be, the point jfclr which 
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In this way' points X^, X^,^ Xg, X)^-, ...may be considered, as • 
existing. . ' 

Property III: The ray X? is the union of the segments YX^, 

X'^X2j ^2^3' ^3^4' • • • • ^ 

This" property says that each point (tffrhe ray is in some * 
segment ^^^^^-y or other words that the° successive reapplicai:ion 
of the segment iB to X? covers all of X?. 

Thus we see that the onerto-one corresp'bndencQ between the 
set of points of the ray and the set of positive real numbers an^ 

./ 

zero qan be set up as follows. . ^ ^ ^ ^ 



*Hie points of XX^^ correspond to the real numbers from 0 to 1, 
- the points of X^^ to t^e rekl>sattRrt>el*s from 1 to 2, fete. The 
numbers. aij|^ called the coordinates of -the points. S 

The rat)jier |.mportant observation we are now making is that 
for. any pdsjltive (or^z^ro) :|eal number (i.e., a mimber which can- 
be represented as a decimal expansion) there, is a c^rrjesponding 
point 0$ the .^y.X? and -for anyipoint^ of the' ray K$ there is a • v 
corresponding defcimal expansiop.- >) v. \i 

The positive { clrN:er(y)-T:*ea^ numc^ ca/|be thought about in 
either of two equivalent ways; : . ' - " 



1 . 

X2^2 " \^ ^ 
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(1) as denoting points of th^ray X?, or ' 

(2) as denoting lengths of segments on X? with one end point 
'of each at X. - We Jet XY or -mCXY) ^denote the length of Ti. 

In (1) we are coordlnatlzlng the ray. In (2) we are setting up 

the principles of measuremeht ot length. . * • ^ 

The coordlnatlzatlon of the ray (or its analogue In (2)) ^ ^ 

Involves three basic properties. , • • ' 

* «. 

•(a) Order is preserved. If P/ Q, and R are 3 points of the 
^ ray and Q 1? between P and R, then the^ coordinate of Q ^ 

is between the coordinates of P and R (as numbers)-^, 
(b) Distance is preserved. . If Ig and^'p ar^ on the ray and.. 
AB = PQ, then thep' difference in the coordlnate3 of A and 
^ ' ^ B is 'equal to the difference in the coordinates of P, 

and'Q. • ' , ^ ^ < 

(<?) Distance Is^ additive. If B is between A and C, then 
AB + ''^= AC. ' 
^ The development we. have here may be looked at in another\way. 

It asserts the existence of a' "ruler\ln geometry. It^jijcs^^t a 
ray can be "coordlnatlzed:' and thus can be used as a(ruleE.. „ Hence 
\lt says that a ruler exists and can be used. , 

- The length of.aUegm^nt is thoi^t of as a number— the unit 
in the geometric plane being under at oocf. Note, then, that,, -C^ 
lengths can be added (because lei^gths are numbers and numbers ban 
.be added). We .study measuremerjt of lahgths 6f geo|netrlc objects^. 
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witiiout reference to a unit. But irt"applying our knowledge of the 
pcinciplea of measurement to the every 'day world we are, in the 
nature of thing's, vitally concerned with the vmit of measurement. 
The \inlt of ^measurement shoiild always be specified in .practical 
problems. We think of a length of ' a physical -object as a certain 
number of units and the vmit is specified. The number may be 
called the measure of the length of the physical object. 

'in light of these first two sections we now can observe that 
the statement "7S = "PQ" is equivalent to the statement "AB S'PQ". 
In. other words if two segments are eongruent, then their lengths 
are equal; ancj if two segment^ are of equal length, then they ^are 
congruent. • We can^ use either type of language as convenient. 
Note, however, that the statement "1b = means something quij^e 
different Trom the other two. IS = TQ jneans that Ig^iS; T^.. As a 
consequence, A is P or Q and-^^B'is tAe' other. 
^ • ' > ^ 

^ •* ExeJ^cises 6-2 . » 

1^ Graphically describe the location of tt to 3 decimal' places. 
' Bracket TT between succe^siVu J.ntegers, tenths, hundredths 

^- ' . • ■ ■ 

' ahd thousandths. 
2. Do the same f 6r \/2. 




3. (a,) Using the figure below," give an example of statement (a) 

. about order being preserved. 
* - ^ P Q R 

, • • i ^ . ' ■ f v-^ — I 4 1 - f 

(b) Using the same figure, give an example of statemer^ (b) 
"""^^ about distance being preserved. 

(c) Using the same figure, give an example of statement (c) 
about distance being additive. ^ 

4. If we subdivided se^ents into just 2 *subsegmenj:s at each 
stage we would have a process suggesting the, binary 

' representation of the 'real numbet system. Explain and draw 
figures. '(This problem i^s designed particulal»ly for those 
who have some knoy/ledge of /the binary system. ,1$ could be 
used to deve^lop such knowledge,) „ • 



3* Angle Measure. 
zp 



' In 'the previous chapter we Jiave defined an angle as a set 
of points, spebifically as^the union of ,two rays having the same 
endpoint and with the Itwo rays |not being or| the ^am|e ikne* In 
the, previous section, we introduced the concept of length or> 
measure <5f a segment. Iri this section ^we si^nilarly^' iritroduce the 
concept offmeasure of an angle. f 
^ ' In order to have h notion of size-ot an^le (or angular 
%ea^ure) we first njust have a notion of what we mean by saying ' 




that two 'angles are congrufent (or have the same size) or that one 
angl^ is larger than the other, could talk about moving angles 
around or 'constructing copies of them but, a3 before,^ we' find it 
m5re convenient simply tj/ assert the existence of certain angles. 

. « Property I-A. Let ^PQR be an ai^le . Let bJ be_ a ray and 
let D be a poini^ not on the line Then there- exists exactly 

one angle, /ABC, such that /ABC = /PQR and C and D are on the 
same side of the^ line AB ( in the plane containing AB and D) . 



>• D 



B 




In old-fashioned terrminology we can think of moving /PQB 
so that ray Q? falls exactly on/ray bS and ray ^ falls except 



^for Q on the D-side of line BA. Then the ray" covered ]>y QR would 
be BC# Thus Property I-A is seeR to be. both intuitive and .like 
liroperties of traditional geometry. 

^Properties I 'and'^iA are quite similar. Each asserts I the . 



existence of exactly one figure of a given size starting from a 
given reference object (point or raj^) and An a, given "direction" 
Trbm such Reference object. - ' ' ^ ' • " , ^ 

property. I-A tells us in effect how we can compare two 
angles to see which, isr larger. 
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"Ref.errljig^.to the figuiie above, there" is a copy of /PQR, such , 
•'that^ is a ray of the copy and the other ray Y$ lies (except for 
Y) on the i-slde of YL. If X is^ln the Irjterlor of /Wyz then 
/PQR Is larger than /TiZ. If X Is on the ray Y$ then^^feR - /XYZ. 
And if X'ls in the exterior of /W£Z then /PQR Is 'smaller t^an /JSZ. 
.Thus Property I-A^lets us compare, two togles v}»J.th 2^pect .to\slze. 

?operty II we have- , the' folloWTng "Property (biit 



^ Analagous i:o" 



it. has to be stated W bit differently than vas Prbperty II): 

A. 




property 11^. ConVder /ABC. 'Let ^k^-'be ' any cdUntlng 'number. 

Then there exist k congrueht angles which liibdl'vlde theSiiterior 

♦ ' ; ' ^ > ' Jyf — ■= 

BC as follows ; < ' * ^A^^)- ^ - / ' v . ' ' V 



I^f ^^<ABC 

(1) jEach angle has B, as a vertex , 

(2) The Interiors of the angles of thd su:^^;lslon do..Viot' 
i intersect.' 



./-.-if 



T 



(5) t The iinabn of the angles and th'ej|r flnterl'Q^S' Is ZaBC 



together with Its Interior. 




Mi 



r 
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, Using this property/ we can coorliinatize the family of, rays 



which have endpoiht^at B and lie on ^ABC or in the^ interior of 
^Jj^C. The^w?ocess is like that of coordinatizing the set *of points 
of a segmerft^. ' ^ ^ • . ^ 

Finally we have a property which is like Property III in some 
respects biit different in others. 

Let be a ray and Tet^ /PQR be;an angle. Let bX^ be a ray 
such that /A^BA is congruent to /PQR. 

La, 





' Now consider ray bX^ sLnd let be a ray with and A on 
opposite, sides bf BA^ such that /A^BA^ = /A^BA = /PQR. Similarly 
- thel»e exists a ray'lX^ such that /A^BA^ « /PQR and A^ and A.^ are 
on opposite sides of B^. Thus- there exist rays bX^, B^^^^^j* 
bX)|, with similar .propertie-s. 



* Property III-A. There is some numbei* 



on the A^-> 'slde of BA ijut all points A^, .1., A^ ^ are on the • 
A^ -side of BA. Furthermore therg is some ^gle such that the 
point of this construction is on the line BA ( but not on the 
ray BA) , » . ^ 

The first part' of Ithis .property says that i^J you reapply any 
angj^e endugh times, yoji will "get^past" the other ray .of the line 
you started witl^ ' , 



" ^^^^ 't^ftat A^ is no; 



1 * ' 

\ If 
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The second part#of this property asserts that thire is a 
right angle, i.e*, an angle which is' congruent to its supplement. 

We say that two lines are perpendicular to each other if the 
union Qf two rays of t*hese lines is a right angle. We use the 
•symbol to mean "is perpendicular ta^\ . ^ 

As in the case of parallels, it is con^Aiient to talk about 
lines, segments, and rays being perpendicular to each other. For 
gxample, two rays or segments are perpendicular to each other if 
the lines containing thelii are. 

From Property H'-A, a j:*ight angle may be subdivided^lnto 90 
congruent angles whose interiors don^t overlap. t)i\^peak of an " 
angle of such a*' subdivision as an aogle of one degree (or 1^ in 
symbols). It follovis from considerations /ike those for segments 
that any angle can be measured in terras of an angle of 1^ *aiid 
that the "degree measure" of an angle will-be a positive ^number 
betwee«^0 and l80. 

, Important Agreement . We agree to use the terms "degree 
measure of an angle" and "measure of an angle" synonymously. The. 
measure of- an angle, then, is a niimber be^tween 0 and l80 and the 
'degree symbol " ^ " need not be used«j However, it is not ."wrong" 
to use the degree symbol " ^ " andyotlers may sometimes use it 
for emphasis or clarity. In notation! we write m(^ABC) a^ tfh^ 
measure of /ABC. f 

An angle is said to be acute if its (degree) measure Is less 
yian '90 and to be| obtuse if its (degree) measure is greatei^than 
90. ^ J ' ' , 
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It is not difficult to^e that In.applying Property fl-A ■ 
•we could have used a subdlrvlsion of ^' right angle Into any. 
particular number of congruent angles. It Is something of ar^' * 
historical: accl^aent that degree measure Ih used for'expressif^T 
the size of an angle. We could Just Is well have us^d any angle- 
as our basic unit (or reference) angle. . ■ 

^Another way of looking at the*esult of the coordlnatlzationN^ 
• of the family of raj^p emanating from a given point and lying 'on 
one siae of a line Is to .ylew the rays as In a 'protractor.* W^' 
" are saying that ^ (abstract) prdtractpr epcists'as an Instrtoent 



-i—fo' 




slderecf 



, angles. \ ' ' • - 

several Important properties of geometry wklch m 
aa following from our. ^^s^umptlons* here. . : 

(1) The sum of .the ^^ree measures of an*^ angle and its 
^ > supplement/ is l8o» 

(2) If two arjgles have tlie same degree measure', they are 
cb'ngruent. , . . 

(3) Vertical angles are congruei?* (for they are supplements 



of the sam 



% angle and iience^ by (l) have the sam'e degrteel 



meas^ire ani by (2) are, therefore; 
(^) If two angjles are congruent, , they 

measure. ' . 
'(5) Angle measure*^ additive. 'ir'D* 
, is in the _,lnterlor ors/ABC, then ' 



ngruent. 

e *the .jsame degfjee 




C 

% 
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.Exercises 6-3 

1. Draw two gpgles and compare their '"sizes" by the process of 
the text, . ' 
. 2. Draw an/ angle at^ut like the, one 
, in 'the? figure. Subdivide it into 

0 6 congruent angles as in the t^ext. 
You may use a protractor or do' it 
approximately. The- "size" of one^ 
of the angles of the subdivision 
bears what relstti'on to the "size"^ 
of /ABC? 

3. Draw an angle about like that in 
* ^ , ^ . , *' 

the figure. Draw a ray•^ Use the 

procedure of Property III-A and 
find the number "n" for this** angle. 

4. Try to ^restate Property II-A more simply.. 
/ 5^^ Try to restate Prop^erty IIL-A more simply. 

6. Illustrate by a specific niiunerical example what is meant^by 
- - * "Angle -measure -is 'additive." * " * •/ 




' \km Area. • • . * • 

In tlje previous two sections we have developed the notions of^ 
linear measure (leVigth) and angular measure. With respect to a 
stsmdarjd Segment, ^(^^' single), as ^ vinlt, smy segment (or smglfe) can 
be measuned. In thlp section, we consider smother type of 
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geometric obJect--a closed reglon--an$i try to measure It^ v{lth 
respect to a standard closed region. Our early discussion Is « 
concerned with various types of clbsed regions. We lay down 
principles we shall want to use in later chapters. However, in 
this section we shall develop formulas only for rectangular regions: 

Any simple ^ closed curve in the plane' "the boimdal^y 'ol^^^ts 
interior. The interior is sometimea- called a region. We shall 
call the interior /together with its boundary a closed , region 
Another way of saying this is that a cl'tjsed region is the union of * 
a simple closed- curve and its interior. ' \ - . 






The figures above rej^resent closed regions. How can we 
epmpare two of them to-^^ke which isMargef? The situation is hot 
. t ' quite as simple as in the case oT a segment or* togle because the 
figures, are not all directly comparable to each other. But we 
shall see in this section and in Chapters 10 and 11 how we can 

get around^this difficulty; . > \ , ^ ^ 

1 

V/e shall use the^term "area" to describe our idea -af the 
, "size" of a closed regi6n. The are^ b'f a closed region will be a 

number ( or a_ 'number oi* standard .units ) . 

" " » ■ 
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As in Sections 2 and 3 concerning congt»uences of segments and 
angles we make a number of -fairly explicit assumptions &bout 
close<^regions and area. All of the properties we shall state 
4r*^^al5'' our ilatuition' tells us to expect. ' ' 

Property IV. Given a closed ^ region ^ there exist* closed 



' regions congruent, to it where appropriate , i.e'. , the closed region 
may b£ " freely moved " in the plane. * 

In Chapter 12, using the coordinate plane, wfe shall clarify 
the phrases "where appropriate" and "freely moved". For now we 

regard them merely as suggestive iof the^key idea.i 

o ' ' ' ' 

Property V. If two closed regions are congruent to each 

Qtjier ;^ then they haV^-equal areas ;, " - ' 

Property VI. Suppose , a closed region is- the union of non - 
overlapping closed regions . Then ' Its area is the sum of the 'ar^as 
'of the n6n - overlapping cQiosisd regions 'of which y .t is the union ; 



• .Now we come to the question of wh^t w*e ought to use 'for a 
J "^standard" closed region. "Several possibilitie's are represented 
in the figures below.' , ' . 

. - • t 
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In thfe case of length, and angular tneasure, all of the objects we 
were measuring, looked comparable^ so this question did not arise. 

A fundamental criterion of a "'standard" closed region for 
area ought to be that the closed region can be expressed as the 
union of "small" congrji^nt non-overlapping closed regions of the 
same generaJL type. 

If a closed region satisfies this criterion then we-may ' 
break ^It up into small non-overlapping pieces and we would know 
how to break these pieces up into even smaller ones. A closed 
circup.ar region is not suitably. We cannot easily break it up 
into smaller non-overlapping closed circular regions. Try it. 
' ' A rectangular region would ^ati^fy the criterion. 





1 


1 

-A < 




1 \ 




1 


1 


— 




• 1 


r 

1 


^TT.^ — 4 



There are nfany d^^^rent .^iy^^^ which we can express it as the 



union of smalter' non-overlapping rectangular regions all congruent 
to each other. ^ In fact, the, rectangular region is delightfully 
suitable for our purposes- and we shall use it. But to make things 
even easier, for our uni^ we shall use a special kind of rectangu- 
lar region — a square region. We want the sides to^ be of equal 
/length. , ' \ ' . 

The ^quare (or rectangular) regidh has another fortunate 
characteristic. ' It turns out that we can .describe the area! 
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as the. product of two lengths whion are readily observable and 
measurable. Thus we- can reduyf many problems of computation of 
.areas to problems of lengtj?©; 

There is another ^^iftnption about ar^a tHat we want to point 

out. 

Property VIL^ With respect to a given rectangular region as 

• ^ unit, then, ^ov any oth'er closed region, there is a_ unique area 

oX° thi§ otl^r region > 

pr.operty says that we must get thS same answer no matter 

how we^^se our given square or Eectangulai? region ^as a unit wijh 

rea^ct to Properties IV - VI. We shall find*it conveniejit to 

5e one particular procedure. The answer we get is the same as 

that which we would get by different but legitimate procedures*. 

It is very common and convenient^ to talk about tJje area of 

rectangles, triangles, circles, and tfie like instead of talking 

'%btiut'' the ai*eas rectangular 'r^glt)rrs, ^ for ^x^^ -As^l^jng-as-^' 

we' are aware that it is the regionv (and not tije simple closed 

curve) which has the area there^ seems little confusion in using 

. ) ^ 

the traditional' Ian guS-ge. In what follows in this book^ we ^hal-1 " 
use^^both types, of terminology upon occasion, using the^"region'\ 
languafiie when there is need for emphasis on this conQept. \ 

The Area of at Rectangular Region . In dealing ^with ^ 

rectangular region^ we assume "a^unit length (or s^^ent) to be 
given. The^rectangular? region has four sides. Oppolsite sides are^ 



■ / 



of equal length. We may desc^be the rectangular region by giving 
two numbers which represent the lengths of adjacent sides. We use 

. the notation (a by b) to denote a rectangular region with "lengths 
of Adjacent sides a and b. The pr(^^rtles of rectangles we use 

- here and which we have not yet developed -will be explal-ned' 'In 
. Chapter 9. , , - • ■ ' ' i,. .' 



h=3 



-. b.= 5 ' ■ 
' \ * > ( ■ ' 

.' ■ • » ' 

•Suppose we.haA^ a rect'anguiar region which Is b by h. In " 

the figure b Is the base arid h 1^ the height. We seek to express 

the area In te]?ms of square ninlts; I.e., In pterins of a ^quai^e 

region whose- side, Is 1 unit. 

/ If b and.h "•fcome out evenly" In terms 'of w^ole ni/mbers of 
our linear unit then the jproblem Is easy. We can de/ompose the 
rectaingulair region^ Into b- h non-Oyerlapplng squar/ unit regions 
(all congruent to eabh o1;her)t In 'the figure b andOi = 3,. so 
the area Is b • h or 15. ' ' . ' 

* . Our Iptuitlort -is based on' the "whole -nuflfber", situation we 
hav.e just" considered. If, however, , the ba/e or the height. Is. 
not a whole nuflfber of units. the loglcil/'4rgument for the area' as 



b'.. h ls,^more Complicated./ The result,^. hoi*ever„ Is still the 



same. ,We seek 'to |justlfy 'the forpiulk for any- b and any 'h. 
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In the general case we are given two rectangular regions 
and Rg* ♦We wish 'to expr^s the area of in terms of "the area 
of 'Rt. (Ultimately we are interested ^in considering as being 

1 " fik i: ■ ' ' ' , . >t ■ * 

'a unit square region, '%ut Argument i^ simpler without 
this assumption being "^ade until later.) ' 





^ortslder this pro^l^m in-cSise's and in this way reduce -a. 
moi?e complicated problem to two easy steps. 

Case I. Suppose R^* and R^ have a side of ea>ch ec^al to a 
/ * side of the' other arfd further suppose the other side 



of R^ is of length 1. Vr^ is (a by !•) smd R2 is 
«(a by b)* . ^ 




From Properties V and VI we know that if we regard Rn as the 
* ^ J. t , 

union of 10 non -overlapping "rectangular regions ' each, being 



(a by ^) then the area*of'^y one of these is'-^ (Area R-j^), (for 
the areas of these 10 ;region5 ^list be equal and the sum of -,their 
areas must be (Area R-,'), 

^ Similarly, the area of a'oiectangiriar region (a by is 

tArea Rj^}, and so forth, **• , 

^ Npw if P rand Q 'are, vertices of the base of R^ we may regard 

y> ' P$ coordlnatiz.ed v/lth unit length 1, Hence PQ b. Consider 
the process of laying off non-overlapping copies of R, on R^ 
. starting ft'om the left-Jiand edge and then, having laid off all the 
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copies of R^ that^are possible, we 'lay .off copies of to (a by -j-) 
^rectangular region In* what is left of R^, and then copies of an^ 
(a by rectlqngular*regi(in, and 90 on^, .This process is 

exactly equivalent to the proce'ss of finding the coordinate of Q, 
namely b, in terms of the , unit length. In other words, ;(Area Rp) 

v^must be b* • (Area R^). • . , ' 

i_ ^ - • * 

*Case II. Suppose R^^ is (l by l) and R^^-is (a.by b). We 

wish to express R^ in t,erms of R^^. 
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We consider a rectangular region which Is (a by l). - 
NoW from Case I, considering R^^ and R^ 

' ' . (Area Rg) = a • Area Rj^> - 

and considering Rg and ^3 , ' ' 

' Area R^ = b(Area R3)^!. 
But then ^ ^ ^ Area = ^(^ * ^^^^ ^l) - .* 

= b • a: • Area R^^. 
If we now 'agree to adopjt a (l by l) square region as our unit 
then Area R^ = (b • a) In terms of this unit. In our other 
symbolism. Area R^ = b • h. 

Note that this gives us the usual formula for the area of a 
rectangular region ,ln terms of the l$ase and altitude (or height) 
of the region. / - ' 

' • . ' ^ Exercises '6-4 ' • 

i. Explain the dlstlyict'b^n between an **area" and a "region". , 
2'. Wl^lch of the figures 'below are the boundaries of regions 
which they determine? 






3. If possible, expres's a- triangular region as the xinlon of four 
non-overiapplng triangular regions all "congruent" to each - 
. other. (You will have t;p-i^ake a-lot of implicit assumptions, 
some of which ve will. Justify later.) 
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4, Suppose b ,and h are not .whole numbers, • ' 

Explain in your ovm words why the area of a 'rectangular 
region (b by h) must be b • h. 



5* Volume. 

In the preceding section we have observed some of the ideas 
underlying the concept of area. In th4.'s section we note that 
analogous considerations are applicable to the concept of volume. 

A region in geometric space is the interior pf a sphere (ball) 
or cube or such object. A closed region in. space is the union of 
such a region and its boundary. The figures below can be 6on- * 
si'dered to represent closed regions in space. | ' ^ 






■jVsaociated With a closed region of such a type is a numbe^ (or-a 

number of cubic units.) called the volume of ^ the region. In 

geometry the volume is a nximb^r whereais *in practical problems a 

* 

/volume is expressed as a niomber of cubic units, there being some 
solid cube which is regarded' as having unit ^ol\ime. - ^ 
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Our first concern about size (volume) of two* closed regions 
is to compare them to see whipl^-iB larger^ Comparisons of closed 
regions in space are even harcte^L'than comparison's of^lo3ed regions' 
in th'e plane because of a greater diversity of types of figure. 

However, as in the area case, i-t turns out that a rectangular 
figure is easiest and ^est.to use for (Je.ydloping both the concept 
of volume and the oomputation of it. ^We use a rectangular 
parallelepiped (or box) for this purpose and ultimately use a cube 
alS^'the simplest type of rectangular pai^allelepiped. 

Technically, the terms cube and rectangular parallelepiped 

r ' ^ 

refer to the surfaces ,of solid objects in the saune sense that 

square ^and^ rectangle refer to simpie closed , curves. But analogous 

to the language for area, it is commoKf smd convenient to refer to 

the voj-ume pf-^a^^bB (or parallelepiped pr sphere or pyramid or 

such) iristead'of saying cubical region ar spherical region, for 

example. , Thug, when we say the vqlume of a cube we really mean 
.' *• 

the volume of the closed region in space bounded by the cube. 
We have propertries for volume analogous t^o those we "have 

mentioned for area. 

« 

Property IV-A. 6iven a^ closed- region in space. There exist ' 

♦closed regions congruent to it where appropriate ; i.e., the cl^^sed 

, region may be " freely moved" in space. ^ * 

Property V: If two closed regions in space * are congruent to 

each other, »then they have equal volumes. 
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PropertyvVI-A. Suppose a. closed region In, space is the ^ ' 

union of non - overlapping closed regions . Then Its vol\ime Is the 
sum of the vol\imes of the n on - o ve rlapp In g closed regions of whl^h 
It _ls the union > ^ " ' • 

Property VII-A. With respect to a closed rectangular space 
rg^lon aa a_ unit , any other closed space - region fof the type we 
. are considering ) has a^ unique volume. ' * • 

Th£ Volume qt a Rectangular Parallelepiped Region. The con- 
siderations here are like those of the preceding section- with a 
cubical refeion of side 1 as pur unit of vol\ime. ' 

* A rectangular parallelepiped ' can be described by the lengths 
of three of Its edges (no two of these thr^e being, parallel) . We 
-write (a by b by c). IT each of . a, b, and c Is a whole numb-er .then 
by use of "-building blocks" It Is easy to see that the volixme Is 
;a • b • c or Is h • B where we Interpret a as the height h and B ' 
^as the area of the base with' b and c as the lengths of edges of 
»the.base. 






1 

• 1 








-t— 















• 1> 



Clearly there are, -in the figure, 8 unit -i^locks in each of three 
levels (tiers) and thus the volume .is' 3 • 8 or 3 • 4 2. 
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The formula V = a • b • , p is what is usually used for com- 
puting the volume of ^'rectangular parallelepiped. The formula 

« * 

V = h • B is what is generalized to formura-s for volumes of prisms 
cylinders land the like, 

4 

We now give a general proof of the formula V = a • b . 
We are given two il'ectangular parallelepiped regioris *and 
We wish to express the volume of R^ in terms of the volume of R^* 





Case !• 



Suppose R^ and R^ have two sides of each equal to 
two sides of the other and that R. has its other 
Side equal to 1. ' * > 



i 





^1 (a by b by l) 
R^ is (a* by b by c) 
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Prom Properties V-A and VI-A it follows that a region R.(.l) 
of^^ides (a by b by .1) has Volume equal to ~ (Volume •R^),/a 
►region R^.(.Ol) of sides (a by b by •01)/ has voliime etiual ^to ' ' 
■j^C'VoIume R^) and so on^ Hence in regarding Hp as the 'union. Df 
copies of (starting from the left hand f^ce) and then copies 
of. R^(.l), and sq on/ we have that ^ . * 

' . ■ ' (Volume R^) = c • (Voliime R^) 

for the process is equivalent 'to that of laying off the /unit ' . 
segment Jen measuring Tq. " 

Qas^ Ii: Suppose'R^ is (l by^l by 1) whereas is' 

^(a by b by c). - ' ; - 




•"We now' use two intermediate regions, R^ and R|^ with R^ being, 
(1 by 1 by c)*'and being (l by b by c). 

From Case I considering Rg and R]^, ' ' 

. Voliune Rg = a • (Voliime R]^)," 



no 
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considering and 

Volume = b • (Volume R^)* 

and 'considering R^, and ' ^ 

Volume R^ = cf • (Volume R^) 
' Thus . ' • • * 

Volume R^ g a • (b • (Volume R3))-, 

= a b'» (Volume R^) 

= a • b • c • (Volume R^) 

* ' ' = a • b • c / 

if we agree t^o use R^ as having unit volume. 



Exercises 6-5 ' ' ' ' . 

^ 1. Explain the distinction between a "region in the plane" and a 
"region in space".' i ' •% 

2. Explain why it would not be convenient to use a spherical 

/ .closed region; i.e., th^ surface^of a ball and its interior, 

as the unit of. volume. (Refer 'to. Sectiort 4.) 

» ^ »■ 

3. Suppose a; b, and c are not whole numbers. Explain in your 

own words, why the volume of an (a ,by b by c) rectangular l^^ 
parallelepiped region raust.be a • b. • c. • 
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Chapter 7 
Accuracy and Pr^lslon , . 

1.' The Significance of Numbers, 

When v^e make a statement Wte try to convey some sort of 
Information, We usually have three objectives In mind: 

. {\) to make a statement of some significance, 
? (2) to make a statement which Is valid, and 

^ (3) to make a statement which isnp^ confusing; specifically, 
to make one which does not contain uselessly detailed or Irrelevant 
information, ' . . / 

'Unfortunately, It is frequently necessary to compromise 
between these, various considerations, ' ThlB is even true about, 
statements Involving numbers used to describe "counts" or 
Measurements" In practical situations. Furthermore, ^n making 
statements about counts or measurements we use mafny ta^clt under-' 
standings — some quite subtle — about what the numbers we are using 
mean. Many of these tacit understandings Involve ba^lc simple 
common sense. In this chapte^^ie discuss, common sense interpre- ^ 
tatlons of the accuracy or precision of numbers, as used both in ^ 
counting and in measurement. The role of common. sense in under- 
standing the use .and significance of numbers in counting and 
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measuroraent cannot be overemphasized ; it is impossible to lay 
.down consistent, useful, ha'rd-anci-fVst rules regarding the meaning 
of- numbers and their significance. , . - 

Here we want to draw a clear-cut distinction between the ' 
principles of measurement in the abstract geometric plane as 
studied in the last chapter and the application of these 
principles .to measurements in the everyday world. In Chapter 6 we 
have done "abstracn: " measurement 'to make it possible for us to 
understand basic concepts. In this chapter we restrict ojirselves 
to statements s^nd computations dealing^with practical measurements 
(or counts). In Chapter 6, we could assert that the area of . a 
geometric reptangle was equal to the product of the base- time.s 
the height (Area = b • h). T^he numfcers concerned were precise. x 
In this' cljapter we can de4l oply with approximations and to 
emphasize this we shall use the symbpl " %" to mean "is approxi- 
mately equal to. " ^ . * 

Most statements involving, either counting numbers or measure- 
ments are, in the nature <Df things, not intended to be*" "precise" 
or "accurate". In many instances, they cannot be, if they are 
also goii^ to be valid. While there may abstractly exist a 
^precise count of a set of objects there may be no practicable way' 
for humans to know what such count ,is. Consider questions 

. " o • 

involving ' ' , > 

'(a) the human population of the world (at this instant). 



(b) the number of dollar bills in clrculatlpn, or 

(c) 'the number of grains qf sand on Walkiki beach, / 

Clearly we cannot give , completely precise ancj valid answers to 

such questions. Furthermore, attempts to give completely pi*fecise 

answers would not only be incorrect but would also cause confusion 

* ft 

^and probably would lead to unnecessary and irrelevant arguments. 
In the case of measurements we have an extra complicating 
factor/ ' Practically, there is no "exact *J mea'surement. Consider, 
for example, the length of a table, the area 'of. a rug, the 
distance to the moon. The "objects" 'to be Measured" a«e uneven 
and must be. Even the standard "meter*' in the Bureau of Standardfe 
is accurate only. to a few decimal places. So Ve recognize that , 
any numerical measureifterit given must be in the nature of things, 
an "approximation". 

In spite of such limitations of applications of our number 
system to problems of both counti-og and measurement^ we still'^are 
led to understand a great deal about the physical world by our \ 
study of the "abstract" number system and "abstract" geometry 

.and their uses in everyday" life, • 

With considerations like the foregoing in'fflind we ca^ better 
understand ^our use of numbers in both counting and* measurement, 
Weiffim our attention specifically to measurements with the 



observation that our remarks restricted to whole numbers apply 
also to "coupts", / 
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Usually when we use numbers in measurements, we use them in 
one of two senses, 

(a) at least this much, or 

(b) closer to this number than to any other comparable one. 
Examples where measurements may well 'be used withufhe tacit 

understanding^ of "at least this much" are * » ^ . 
(i) 1 pound of hamburger, 
(iij^ a 15* pole vault, 
{^^) a 6» man (in some senses) and 
(iv) a 1000 temperature (it w£ls a hundred today). 
Examples where measurements may well be us^d with the tacit 
understanding of "^oser to this number than to any other 
comparable one" are 
(i) a 6,' table, 
(ii) a 5 *10" man, ' > 

(iii) a 15 ' room, 
(iv) .a 98^ temperature (it is-98® outside now). 
Depending on the contexts in which particular measurement^ 
are used, there may be differences of opinion as to *"the" proper 
se^se in which the number is meant. * 

In m^ny instances, where numbers are used in* the "at least 
this ipuch" sense they are used as isolated niunbers^gj^d cotJ^tations 
are not' made with them. If computations are going to be ra£tde--to 
find i^erage^ or complete areas, for example--the measuir^ments are 



'usually intended in the "closer to this* number than to any other 
comparable one" sense, .It JLs convenient for our purposes to agree 
on a convention concerning our. use of "numbers. With the full 
knowledge tha^.the convention we ^d9pt is ntft universally appli- 



cable, we agree to use the *^c loser to this number than to any 
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other comparable one" meaning. 



Greatest Possible Errop . The greate.st possible error in a ^ 
measurement refers to tJhe large st^^amount by which the given 
measurement differs from] the "true" measurement of the object. 
In this discussion we assume proper use and reading of^^struments. 
The "error" comes from the way we chOQse io (mus-tl^^press our 




answer numerically. If we say jal^t^ anfljx^etrt is 8* long, we mean 
usually that it is closer to &JfCMn to 7" or 9^* In other words, 
we mean, that the "true" lengtli) is between! 7. 5* and 8.5 In this 

^*Ms O.dW (or 1/2 foot). The 



case the "greatest possible e: 



difference between the assented j^ngth 8' arid the "true" length isj; 
less than the greatest possible error (0:fe» in this case). 



Agreement .^ Unless *the contrary is 
possible error of a ijieasurement given in 

stood to be 1/2 of the place value of th| last 'digit which is 
U3ed in the numeral for a purpose other 
decimal point. 



►ecified, the greatest 
a^ixaal fbvm is under- 



han simply iQpating the 
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I^t us consider ss^me examples. . 

Numeral:^ ... pia^e value of last digit Greatest possiki 
. ' used for a purpose other error ' 

-than locating the decimal * . ' 

point ^ 

48.6 1 - • 

9800 -165 



.Most readers probably have little question about the first 
and third • examples,- In the second, the two zeroes are considered 
used simply to locate the decimal point and hence neither *ls the 
"last digit to be considered In ^e fourth example, the second 
and third zeroes are not used simply to locate the decimal point. 
They could be omitted. Kence they are considered used to Indicate 
precision aqd the agreement gives .005 as the,greatest possible 
error. . • ' '< 

For numbers given In fractional form,' the greatest poq^lble 
error ^is understood to l^e l/2 of l/n Where n Is the denominator 
of the fraction. Thus, a_>ngth' of 6 7/8 Inches is understood to 
have a greatest possible 'error of l/l6. 

. -'Exercises 7-1 ^ ^ 

1. Give three examples (of your own) of "counts^*' which tanndt be- 

precisely known, ^ ' , ' 

2i Give three examples (of your own) of measurements used in the ^ 

"at least this much^' sense. 
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3. Wve two examples of , measurements used In a sense other tJjari 
.V either of the senses (a) and (b) of the text,.^ (One example- 

mlght-<be "the k minute mlle"^ • • ' - 

• Discuss the following answers to the question *Vhat was the 
population of New York City In 1950?*^^ with i^espect 'to 
considerations (l), (2) and j(3) at the beginning of this 
chapter. 

(a) ^ 7, 891, 957 (the census figure) , . 

(b) '7,900,000 

(c) ' 8,000,000 

- (d) 10,'000,000 , ' 
(e) greater than 1,000,000 and less than 100,000,000" 
Give contexts in which (b), (c), and (d) would be 

reasonable answers. 
5.. Find the greatest possible eri*or of each of the follbwipg 
measurements: ' - - 

(a.) 93,000,000 miles * ^ . ' 

(b) 820.1'-' 

(c) l6 l/h inches 

(d) 3.460 miles " 

^ (e) 71 yards ■ - * - • 

6. Explain why you . should not make a statement llker "This rug' Is 
V, 28.462 Inches wide." ' ^• 
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Explain how our convention on the greatest possibly error of a 
measurement helps statements about numbers achieve some of the 
objectives listed at the beginning of this chapter. 

8. Explain how 125,000 might be considered as having a greater 
possible error than 120,000. -*As'a population of a city it ^ 

^ probably would be so considered. Hint: 25 is 1/4 of 100 • 



2 . Precision , Tolerance , Sig^ficant Digits , and Relative 
Errpr . 



In the previous secti-on, we haVe explained what we mean by 
ttie greatest possible error of a measurement. The precision of a 
measurement in decimal form ia the place value of the^ digit we . 
used in getting the greatest possible error. In other words, the 
precision Is simply twice the greatest possible error. This 
technical meaning of the word precision .agrees in principle with 
the* everyday usage of the word. -We might speak of a measurement 
which is precise (or accurate) to the, nearest tenth of an'inoii, 
for example. ' (]>ter we shall .give a technical meaning of the word 
* "accurate".) We speak of a measurement %f ^.24" as more precise 
than one of 63.9". If we were to ask, "How precrsely dojj^ou want 
this. measured?." we might expe-ct an answer like **Tp the ne^^rest 
tenth o4>n Inch" or "to the nearest 1/4 of an Inch^'. 

There are many Instances In which our agreement of the 
''.^ .previous section on the greatest posslb,le error Is not suitable or 
convenient to describe the actual greatest possible error of a 
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^ particular measurement. In such instances we may- indicate the 
'greatest possible error by stating it explicitly.' Thus we might 
write 84.3" +.02"." We 'read the symbol " +" as "plus or minus", 
and we are saying that the '"true" measurement is in between * 
\ 84.3" - .02" and 84.3"+ .02", therefore, between 84.28" and* 

84.32". The.. 02" is sometiraea called the tolerance t>f th6 measure- 
ment. When the tolerance is important (as in machine shop work) 
it is v-ery common to give it explicitly (even when it agrees with 
the convention we have establlslied) . One might write 3/8" + .. 001". 
This indicates a measurement of 3/8 of an inch with an error of 
not more than a thousandth of an inch. ' . We can conveniently combine 
fractions and decimals in this w^y and it is commonly done. 

'Anothe'r instance "where our agreement on the greatest possible 
error does not always adequately deal wit'h a situation is where 
several terminal zeroes are used ^n a. numeral representing a whole- 
number. Consider l80,000. Our agreement asserts that the greatest 

^posslj^e error is 5,000 (.half of 10,000); But we would write* the 
numeral exactly* the same way if the greatest' possible error were 
500, 50, 5> or. ^5. We are saying that we can't Veally tell if 
some 'or all of the zeroes are intended, to do more than just locate 
the decimal point. Sometimes the context of a statement tells us 

'What, is intended. We may use a bar ever or under the right-most 
zero w||4-c|j is intended, to be precise. Thus. l80, 000 or l80,000 
has a greatest pos.sible error of 50. 



7.10 ' 

The considerations of th^ preceding paragraph suggest another 
concept that naturally corner up concerning numbers used In 
measoremente. This contept fsHhat of "a slgnlflclnt digit" lii 
the decimal form of the number, A digit In a decimal numeral Is 
spoken of as being a "significant digit" if it serves a purpose 
other than simply to locate (or emphasize) the decimal- point, 
.Some examples will clajlfy this : ' ♦ * - 

Numeral ' Significant digits (in order) 



48030 \ h, 8> 0^, 3 

61,20' - / ^ 6; 1, 2, 0 

841 / . 8, 4, 1 



0.00429 . • .^.4,2,9 

6-0031 • . . w / 6, 0, 0., 3. 1 : ' 

> ' *- • > . 

■ In 48030,, 'the "0" between the "8". and the "3" is significant; 

the othe^ "0" is not, it simply locates the decimal point 

(understood)^ In the numeral 6l;20, t^e "0" i's significant 

because it is not necessary to have it to locate the (Jeclmal ^ 

point. In 0.00429, all the zeroe^.are used simpiy to Joq^te or- 

emphasize the decimal point with^ the undei^standlhg that the left- 

.most zero may or may not be written and if written i-s simply for 

clarity iiylocating the decimal point and reading the number. It 

1 * ^ 

makes the decimal point stand^ out. \' 

- . ■ - ■ ■ - 
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We are sometimes askfed to opunt the nurnber of significant 
digitus In a numeral. We can be 'given instructions to. "round off"- 
numbers (l.e.^ numerals) |ln one of two ways; for instance, 

(l) Round off a numeral to the nearest tenth, or 

\2) ■ Round off a numeral to three significant digits. 

Con^der 58. 108. With respect to either of the instructions 
above the "rpunSed off answer" is "58. IV. , Rounding off the same 
numeral to^four si^if leant digits would yield "58/n". In th^ 
rounding off process ^e sta^ Trom the right, and move left. There 
ra^y be, ambiguity if the right -most non-^ero significant digit Is a 
i'lve. Then we^are a,t liberty to round off either to the lower or 
•higher figure in the digit to the left of such five. We always • 
oxxght to use aai the information available in rounding off. For 
exaipple, cyonsider 437.^96.' Rounding off to 4 significant digits 
yields 437.5* Roypding of f .to 3 significant digits .yields 437 
for the value of AsS IS less .than ".5". ^ 

Re lative Error * The, concept of relative error is the 

•concept of the relationship (specifically, ^the ratio) of the 

greatest possible error (sometimes called the absolute error) to 

the size of the number itself. Specifically, relative error is 

p;reatest possible error . The relative %rror is sometimes 
measured value ' ^ ^ * 

t 

technically called the accuracy of the measurement. The more 
accurate t^e measurement the, smaller the relative eri^or. Let us 

t 
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consider two example 



93rj<ft)6 ,000 miles 



reJLative erroj? = 



SOO.OCfD 



• 93,000^000 
.005 



relative error 



.03*V+ .001" 



.001 



.03 



1 

3^ 



.03 

We can see that while the measurement on the right is far 
more "precise" (.OOlV to 500,000 miles) it is about 6 times less 
accurate (.03 to .005) than the other measurement. ' 

The distinction between "greatest possible error" and • 
"relative error" is an Important one. The .one we want to use 
depends on the conteoct. 

^Exercises 7-2 * - . 

1. Assume our agreement on gi^^itest possible error. Explain the 
statement, '*rhe more significant digits there are in a numeral 
the le_§.^_the reia^^ive error." Use e^^mples in your explana- 
tion if you wish.^ 

2. State which of the following two measurements is more precise; 
is more accurate. h 

(a) 68.3 and ' 12.3^ * " • • 

Cb) 82. 01° and 0.014° 

r \ 

JL6,000,000 light years and 176O yaiKis 



. (c) 



(d) 18 ± .3 ' 



and 



.8'+ .02. 
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3. - How many significant digits are there In each' of .the following 

nyinerals? 

{ -X ■ * . 

(a) 14.082_^ • (d) 19,1|14;500' 

. (^) 9.600 (e) 16,000 : 

_ *(c) 0.0316 (f) 0.00024 

4. Round off to 3 significant digits 

(a) 4.86496- 

(b) 13.021 , ' , . 

(c) 77,455,000 

(d) .0152897 - * •■ 

5* What would be meant by the per cent of error in. a measurement? 
How would it be related to the relative error? ■ 

6. ^ Explain a situation where you would be Interested In the 

rela'tlve error of a^easurement. 

7. Explain a situation where you would be Interested In the 
greatest possible error of a measurement. - 

3 • Precision and Accuracy In Computations involving Addition . 

We may frequently use measurements In various computations. ' 
Each nyniber we use has^ certain precision and a certain accuracy. 
We^ask how precise or accurate the sum (or the product) of such - 
numbers will be. The situation get^very complicated very -rapidly. 
The bes't we can do here 1§ to give some^etomples and suggest some 
reasonable "rules of thumb*"". Some understanding both of the 
nature of the problem and the limitations of our "rules" is 
'necessai*y. • 
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Suppose we want to add two numbers- like. l8,6. and. 23 .'5. The 
greatest poasible error is .05 in both cases. Below we have made 

r ♦ 

some computations revealing the greatest pdsslble error of the 
sum. ^ • , . - • 

Least values Great^est values 

18.55 18.6 ' 18.65 

23>85 23.95 ' 

. 42.40 42.5 ' 42.6jO 

Thus the sum 42.5 really has a* greatest possible error of 0.1; 

l.e.^ we know only that the "true" value is somewhere between 

42.4 and 42.6. We could have written our computations as follows: 

18.6. ^ ± .05 
23.9 ±- .05 
42. 5^ + .10 

^ In effect, we add-^he greatest , possible errors of the addends to 
find the greatest possible error of the sum. 

4 If' we ha^d'thl^ee numbers 18.6, 23.9 and 41.2 to add together, 
then the greatest podsif)le efror^bt^ the' ^suW would be 0.15. The, 
more numbers we add together the less precise the answer can be 
asserted to be. However, -it is impractical and inconvenient to ^ 
state explicitly the greatest possible er^or of the sum. So as 
in the first illustration above, we, would write our answer as 
' 42.5 with the standard agre^ent that the "greatest possible 
^rror" is .05 but with the clear understanding that- we ^pa,nnot be 
certain about this much precision. In a sense we are' "caught";, 
we have to compromise between technical validity of our state- 
ments and giving too many details. . 
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; ; If w% have several measurements to add ^together,' then the 
"law of averages" makes it unlikely that we will get the largest 
po„sslble inaccuracy in each number in the same direction. In 
fact, we expect the "deviations" of the "true" measurements from 
the measurements we use to compensate for each other in part. 
.Thus our use of the answer we get by ordinary straightforward 
calculation is really the best we can do and is likely to be 
fairly close to the "true" value. 

Suppose we want to acjd 8^ to l8.48. .Here it simply does not 
make sense to write the answer as 104.48 for In so doing we are 
implying precision to the nearest .01 whereas the 86 presumably 
w&s precise only to the nearest unit. Thus we ought to write pur 
answer as 104 or possibly as 104.5 with the .5 interpreted more a 
1/2 than as 5/10. The "true", value is quite likely to be some- 
where between lOjl and IO5 apd thus 104.5 seems like a reasonable 
answer. ^ - . - • ^ 

In bank statements and other financial accounts, a figure 
like $86 frequently means $86.00 and thus it is reasonable to 
add to the last cent if desired. ' * 

^ The question of accuracy in^additijon of measurements is even 
more complicated than that of precision. The sum is customarily 
.more accurate than one of the addends and less accurate than the - 
otherv ^Consider the illustration: 
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^ 101* ■ 

129, 



ii^ % .01 • 

129 

I 

" ♦ 4 , 

This indicates that the accuracy of the sum is about .01 
which is between the computed accuracies of 25 and' 104, 

In subtraction problems, the accuracy of the difference 
may .be , far., less thao^^tfte, accuracy pf. .the *6ther numbers used. 
(In other words, the relative error of the difference may be faeS? 
greater than the other relative errors. ) Consider the example 
below: . '. / 



62 

4 



.01 

Here the relative error is larg.e because the difference 
(under subtraction) is a small number. 



Exercises 7-3 *\ 
1. 'Find the greatest possible error of the sum of 

(a) 180, 160, IkK), and 80. 

I 

(b) 16.8 +.001 and 12; 5 ± .002. 
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i; ^ 7.17 

. . ;^ , • 

2. Work out the ^ actual greatest possible error in (86 + 18.48) 
as in the text. (Hint: write 86 aa 86 + .5' and*l8.48 as 
18.48 ± .005.) V \ * ' ' 

3. Give an illustmti^n explaining the greatest possible error 
in a subtraction problem.- Are the considerations lilce those 

.for addition? 
*4. Find tfife relative error of the sum of 

(a) .023, .060, and .055- 

(b) .28 + .01 arid .42 + .02. 

5. Find the relative error of the difference of 

(a) .34 and .24. 

(b) 160 + .1 and 100 + .1. , 

* ^ > 

4 . Precision and Accuracy in Computations Involving . 
Multiplication . ' ' - 

The situations relative to the greatest possible error'^and 
tile relative error in multiplication (and division) are even less 
satisfactory than tho^e in addition and subtraction. It might be 

r 

observed- that the subject of "errx>r theory" is one which is being 
studied by mathematicians at the present time. The wide -scale 
use of computing Wchines makes "error theory" of great importance 

4. 

today. t . ' 

If ^we multiply two measurements together, what can we say 
about the precision of the product?^ For instance, how many square 
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feet, are there in .a room which is l6 ft. by l8 ft.? Most of us 
would' say "288 sq. ft. " but how precise i^ our answer? We assume 
(by oxxt agreement) that iC.aiid^ j^;are precise to 'the nearest unit. 
Consider the compufet^ons below. . ^ 



Least values 

17.5 
15-5 ■ 
' ^271.25 



18 
16 
255" 



Greatest values 

18.5 
16.5 
305.25 



mother words the "true" area can differ from 288 by as much as 
about 17 units. Being explicit^ the best we could say is 

. 288 ± 17*25 

where actually '16*75 is the correct greatest possible error in the 
negative direction. The size of the greatest possible error has 
been massively magnified in the process of . multiplication. We can 
see this geometrically^ by considering the figure below. 
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7.19 '\ 

The 2 by 5. region is enclosed by the heavy segments. The 1 1/2 by 

2 1/2 possibility is indicated on the inside and the. 2 1/2 by 

3 1/2 on the outside. \ ' ^, . - 

^ \ 

Going back to ^the 288 f 17.25 case discussed above one 
might well ask, "How should th^ answer be written if we don't wish 
to indicate t^he greatest ppssible error explicitly?" There is no 
clear-cut answer. Some would prefer 288 but clearly this implies 
much greater pr'^cision than is present. Some woul<3 prefer 290. 
Here the "true" value would be indicated as being between 285 and 
295 which, while not necessarily correct, seems not unreasonable* 

The figure 300 is far too imprecise for most purposes. .On the 

/ 

basis of the three objectives for statements listed at tHe begin- 
ning of' ^his chapter^^; it might be, argued that 290 would be the 
best answe^.* The usiaal 288 seems fLo lil^ly to be invalid. 
However, for most purposjeTs the answer of 288 is used. 

At this stage we^an^draw a distinction between what might be 

^<^lled "numerical fidelity" in arithmetic and preciseness of 
ni^t^liiptical staterpentsl When children multiply 8 by 7 they 

.should get 56 ev^ry time. ' Any answer other than 56 is simply 
wrong. ^'iJumerical fidelity ".is important in arithmetic. 'But ^n 
answer of 56 sq. ft. foxLJfche .area of a room 8 ft. ^y 7 ft. is 
justifiable primarily i>ecause(we assume an answer is expected 
to'^ ^e nearest square f pot , and\^hen 5"6 sq. ft. is the best we 
can ao.' The answer 56 sq. ft. is Misleading in its implication* of 
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precision but other possible answers have their defect's too. It 

is. important to understand the' limitations of our language and^,*. 

con vent ions ♦ ' ^ 

* We return to some examples involving computations. Let us 

ask how precise linear measurements should be in order, for the 

product of the linear measurement s%)D be precise to the nearest 

unit. Consider an example,. *• ^ ? 

We want 10 x 20 = 200 to be precise to the nearest Wit! 

Let t be the greatest possible error for each of 10 and 20.^ Thef^ 

we have ' . 

. Least values Greatest values_^ 

20 - t . 20 + t 

• '10'- t • 10 + t 

200'- 30t+t2 - 200 + 30t + t^ 

'» * * 

Now if t is small then t2 is much smaller. So let us ^ ^ 

consider only'SOt. Then 30t should be less than .5»* In other 
words, * ♦ 

1 ' ^ 1 ' r ^ 

30t < I" or t < ^ or t < .016. - 

Thus we see that in this case if < .016 then the greatest 
possible error of th6" product is about .5.^ Our measurements 10^ 
and 20 have ,tq be very precise fo|* the, product to be reasonably 
precise. 
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Finally, let us make some observations about -the relative 
error of a product. Here, in our example, things do better. 



.03" 

We add the relative errors to get the relative error of the 
projiuct. Let us Justify this. Let N-j^ and Ng^ be the numbers 
multiplied together. Let t]_ and t^^Jihelr respective 

greatest possible errors. Thus 

are the original relative errqrs. Now 

If t(]^ and t2 are small, then t]_*. t2 is very sma.ll and we 
ignore it (t-j^ . t^ was the .25 of our example). Henc6 

^1*^2 "^^2 * ^1 ' (^PPro?cimately) the greatest possible error 
in the prodUct. ♦Hence 



t^ . + t^ . 

relative error « 
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But 



N. 



■ N, 



N, 



Thu, 



the relative error- 



n7 



and the right hand side is the sxira of the relative , errors of the 
two factors. ^ 

Exercises 7~4 ^ * " 
1. Find the greatest possible error and the relative., error of the 
product o£ 
' (a) la^ and 25. ^ / 

, (b) ".8 ± .01 and .6 ± .02. 
"^•'2. Find .(approximately) the greatest, possible error op the 
factors 8 and 12 if the product is to -have a a 

(a) greatest possible error of .1. . 

(b) . relative error of .1. , 
(Assume the two factors have the same greatest possible, error. )' 

3. ,A house Is advertised as 30^ft. by 36 ft.- but each measurement 

Is really almost* 6 Inches shorter than the figure given". The. 

^ ' ■* 1 

buyer thought he was getting 1080 square feet^of hou^e. How 
much^was he actually getting? 
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4. What is^the greatest possible error in the voliime pf a box 
given as '6" by 8" by 8"? ' • 

5. Find the approximate greatest possible error and relative ' 
error of the quotient yOf 35 divided by 7. 
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Chapter 8 ^ . 

: (Congruenc e 

y « 

» 

!• , Informal Constructions , 

In Chdpter 6 we have stated some basic properties about the 
existence of segments congi^uent to a given segment and of angles, 
congruent to a given angle. In this section v/e discuss the 
geometric construction of such segments and angles and later of 
triangles. For these constructions, we assume we have available 
an unmarked ruler (a straight-edge) and a compass. These were 
the classical tools" of the Greek- geometers. If we. wanted to 
make drawings Sir sketches as distinct from ^geometric, constructions 
we could draw figures free-hand or use marked rulers and pro- 
tractors. Here'we limit ourselves to the classical ""tools" • 

Segments ^ Given a segment AB and a ray How do we find 

a point Z on X? such that Ib = 1?Z? 





We can adjust the compass so that with the point at A -the^ pencil 
tip will fall on B. Then with this setting we can put' the point 
at X and mark an arc of a circle which crosses X?. Call the 
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point of intersection Z. Then AB ~ IS. (We could also mark the 
straight edge--or note a marking on it-rand u^'e the- marked straight^ 
edge to find the point Z.),^ Usuajfty in geometry we prefer to use 
the compass for this construction whereas in measuring lei?gth's 
in the everyday world we use the marked straight edge method. 

Angles . Given an angle /ABC, a ray X? and a poin^ D not on » 
the' line 1^. How do we find a point W on the D-side'of such 
that /PCBC-^ /WXY? , ' 





We know such a point exists (from Property -^-A of Chapter 6). 
The question is how do we use a ruler or compass (or both) to 
.find it?' With tTie compass point at B mark of f an arc of a circle 
intersecting rays B^ and B?, Call the points P and Q respectively. 
Mark off an arc of a circle as indicated with center at X, and 
with radius e(Jual to BQ (or BP). 

How set the ^mpass to measure the length of PQ (the segment 
P^^o^s not need to be drawn). With thi^ setting and with the 
point of the compass. at Z draw an arc intersecting the arc with 
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cent^ at X which has already been drawn. Finally if we call 
stich a point of intersection W then^the angl^ /WXZ = /ABC* At 
^-^ least, it looks as if /WXZ should be congruent to /ABC. In 
Section 2 of this chapter we pin down the assumptions that let us 
assert such to t^e true. 

Congruence of Triangles , ( informal ). In traditional 
geometry, some of the principal theorems deal with congruence of 
triangles. We begin our study with some intuitive observations. 




Suppose we^ have given A ABC. How can we construct a^ triangle 

congruent to A ABC by use of a ru-ler and compass? — ^ 

""We lay of f on the line PQ a segment STB^" which is congruent 
tO'^AB. (W^ put the point of the compass at any point A< and mark 
an 1 arc. of a circle crossing at a point we call Bt.) With A^ ' 
as center we draw a circle (or an .arc of a circle) with radius 
equal to the le^igth of AC. With B« as center we draw a circle Vi 
(or an arc of circle) with radius equal to the length of U . v 
The two circles we are considering intersect in two points. Call 
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these points C and C". They will be on opposite sides of the 
line 1^. Then AABC = AA'B«C«. andvalso AABC = AA'B^'G^. If 
we werfe 'to try to 'superimpose AABC dn ^A«B*C*, f^r instance, 
everything would fit. . > 

We could begin this way. Lay H on A«B» Vith on (and 
hence B oa BO. Then C would have to fall on tKe circle with 
center at A» and radius the length of AC. Also would Niav^ to 
fall on the circle with center at" B* and radius equ&l to the length 
of BC. Therefore C would have to fall on the point C» (or the 
point C') as these are the only two points on both circles. Now 
we could require that C fall on th6 C« side of PQ and thus C must 
fall on C. Therefore our congruence seems to be established. 
Similarly AABC = AA'B'C*'. Thus using a ruler and compass we^ 
have seen how to construct a copy of a triangle. 

Let us consider a similar problem. Suppose ><e a;?e" given 
three segments as follows. 




Construct a triangle whose sides are congruent to AB, CD and W. ' . 
. The construction would go through like the one above. We would 
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lay off TTT^ with AB = A'B'. We would consttHict a circle with 
center at A' and with radius the length of CD* We would construct 
• a circle with center at B» and with radius the length of W. Then 
if the two cir^cles, ^intersect in two points, say X' and Y', either 

/ X' or Y' may be taken as the third vertex of the desired triangle. 
It is interesting to note what would , happen if AB = CD +~ EF 
[or in the othe^r notation if in(AB) = mfCD) + in(W) ] . In this 
case the two circles would intersect in Jusl one point (the point 
of tangency) and that point would be on A'B'. Hence no triangle 
could be formed. 

'Finally if AB > (cD + EF) then the intersection of the two 

, circles would be the empty set and again no triangle could be 
formed. In Chapter 9 we shall note such a relationship again, . 
the so-called triangle inequality. In any triangle, the length 
of any side is less 'than the sum of thejlengths of the other two. 

Exeroises 8-1 

1. Given segments H and C5 below. Draw a ray. Label it P^. 
With a compass find points X. and Y of P$ suci^ that'W = 7S 
and ]?Y S CD. 



B 
— f 
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2. Given angle /PQR below* Draw a ray X? and a point Z not on 
Construct an angle /VWY^suxrtT^that^ is on the Z-side of ^ and 
/PQR = /WXY* 




3» (a) Suppose we have giv§n two segments and one angle. 
A B 



ConstrTict a triangle with two sides congruent to TS and 
and "cB and with the angle included between these sides 
congruent to /PQR. 
(b) Once the angle an4 two sides (with tjae angle between 
them) are Iq^vm is the triangle completely determined? 
\ (c) Can anybody give two segments and an angle for which 
this construction is impossible? Explain. 
4. (a) Suppose' we have given two angles and one segment 





Construct a triangle with a side congruent to DE and the 
two angles adjacent to such side congruent to /ABC and 
/PQR. • ' ^ 
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(b) • Once the two-angles' and the 'side between them are known 

is the triangle completely determined? 

(c) Can^Wbody give two angles and a segment for which this 
*^ construction is impossible? Explain. 

5. . (a)' Suppose we have given two segments and one angle 

' ^ . B 

C . ' n Q- 



Construct a triangle with two sides congruent to,lB and 
and with an angle not included, between them congruent 
to /PQR. Require this angle to be adjacent to the side 
^ , congruent to Tb. . • 

(b) The same as (a) except require this" angle to be adjacent 
to th^ side congruent to CD. Is the construction 
possible? ■ 

(c) If Ib were enough longer could the construction of (b), 
be done in two different ways? 

(d) Can anybody give two segments and an angle for which 
neither the construction of (a) nor that of (b) is 
possible? ' , • • 



8.8 " ' . . , 

' » 4 

* ♦ 

2. Ki£ Meaning of Congruence . 

In this section, we^try to give a more explicit definition. of 

, congruence and to show the relationship of ,thls definition -Co 

previous Xmderstandlngs. We h^ve said that,fc^o sets of points are 

congruent If they l;iav^ .thfi^Vsame "slze^ and shipe".-' In traditional 

terminology, this Ig Interpreted as meaning "if either figure (set 

of points) can be superimposed on the other". But as we haV^e 

. . ». 

remarked In Chapter 6, the process of superposition gets .us In- 

i 

.volved with considerations of "moving objects around", and,, from 
some points of view, the motion Involved Is Irrelevant to the Idea • 
of congruence. Al so ~ while we shall be primarily concerned with 
congruence between sets of points In a plane, the definition we 
use is applicable to sets of points in space. The idea of- super- 
imposing one billiard ball on another doesn't make much sense. 
Yet billiard balls ar^e "congruent". The definition we give 
should' help pin-point the basic idea of congruence' and emphasize 
its. applicability to various types of figures. 

4[ If we l^ok at it in a certain way, the idea of superimposing ' 
one figure on another leads us directly to our definition of 
congruence. , * 
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Supjrose APRQ^canrbe superimposed on A ABC with R falling on 
B, P on A and Q on C. Then there exists a 1-1 correspondence 
between APRQ'and A,ABC, each point. of APRQ corresponding to that 
point of A ABC which it "covers" iwhen APQP is ^uperimposed on 

A ABC. For example, the golnt X would correspond to the point X« 
under this correspondence. But'kt is not enough simply to say 

V 

that there exists a 1-1 correspondence between APRQ and A ABC* 
Something else is also involved in the notion of congruence. 
Dist ances must be preserved. Suppose APRQ is superimposed on 
A ABC as indicated , 

P-. 

• R--— , ' 

Q- 

then for amr .jfcwo points 9f ^PRQ, the .distance between them, .(I.e., 



th^^^Jjgth^lfflp segment joining them) must be the same as the 



j^yji^ogaM^h^\i^er\ the two points vO£ AAPC.^I'nich they cover, i.e., 
''^et^^4fi tl^jfcwo points of A ABC which they correspond to, , vinder ,,t|iQx' 
1-1 correspondence. As examples, the distance between R and X 
must be .the same as the distance between p and X» (in other words, 
♦RX = BX«)>the distance between Q and P must be the same as that 
between C and A,(QP = CA), and the distance b€^:<f^^ Q and X must 
be the same as that betweep C and X< (QX « CX^)'* 

.These considerations lead us now to our definition: 
Definition: Two sets of points a^e said to b6 congruent pro- 



vided that there is a one-tb-one corresppndence between them * 



which preserves distance. 
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With this definition in mind let us go back to considerations 
of congruence between two segments' and congruence between two 
angles. - ' 



-A X' r B ^ 

Saying that IS is congruent .to Tq mean,e that there is a one- 
to-one correspondence between and (as -sets of points) and 
distance is -preserved under this correspondence. If we think 
about laying off Tq on the ray W as suggested by the drawing 
above then P-^A, Q~B and for any point X. of Tq there is a 
corresponding point X« of 15. Furthermore, distance is preserved. 

For example, if X- -X', and Y»l the length of 1^ is equal 

to\the lengtlj 6f Y^. A statement of the existence of a " 
congruence should be understood to imply the existence of a one- 
to-one correspondence which preserves distance . , . • 

. It is hard to check on whether' all distances betw^n »pairs of. 
corresponding points are preserved.' We want conditions which' we ' 
can observe and which tell us that such a one-to-one correspondence 

.which pres^erves distance must exist. 

, It is really ^part of our basic understanding about congr^^ence 
of' segments that the follow^ prop^rt^ holds. We underst-and 

, {A; B) to mean the set consisting of the ^Wo elements A and B. ' 
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Property I: ^ If R, S, C, and D are points an4 {r, S} = {C, D), 
then T?5 = CU, Furthermore , there are exactly two congruences of 
HS" with Tm ^fhlch corresponds >[R, S] with (C, D) . One of these 
corresponds R with C, the 'other R with D. 



One^ thing this property says Is that all segments of a given 
length are alike. 'Any oongiruence between two pairs of points 
-Induces a \inlque congruence between the two segments having these 
pairs of points as endpolnts. In fact. If (R, S}^= {C, D} *and^ 
R*'* S-< — then there Is a unique one-to-one correspondence' 
between ^ and c5 which t3g?OTerves "distance and corresponds .R with 



5v 

C and S with D. 

There Is one <and only one way of laying segment RS on segrfient 



CD so that R: 



C and S - 



We,^now cojislder the congruence of two angles. 

« 

-A 

Q 





J 8.12 

, * The' angles /PQR and /ABC are congruent if either cat be 
superimposed on the other or, mote precisely, if there exists a 
one-to-one correspondence between them which preserves distance * 
As, under these conditions, the vertices B and Q must correspond 
to each other, then ray bX can be Identified with ray*> Q? or with 
ray E\phev of thesQ leads to a cx)ngruence of the', trfo angles. 

Let .us suppose ray bX Is Identified with ray Q?. Then any point 
X of bX corresponds to a point X« of Q? and any point Y of b5 to 
^a. point Y^'^'of (in the case of angles, the points A, C, P 

anc^Si.'fchat^we used tp name the angles may^not correspond to each 
pther.) . ' . . , N , ^ s./'.->^.--.> 

The Implicit assumption about the congruence of^'^ABC^wlth 
/PQB is that distances will be preserved under the one-to-one * . 
corresp^ence which Is \et up. Thus In our figure b5c = 
B? = W^, and T? = IHYT. The last of these 'Is Important to^ote, ; 
The distance between any pair of points of /ABC Is equal to the, 
distance between the pair of corresponding polnte^s^/P^? . 
effect we assumed this to be so when we first gave our properties ^ 
on congruence of angles * ' - - ^ ^1 '^^ ' * 

In the c^se of segments, two segments were congruent If thei/. ^ 
two sets of endpolnts were congruent. A similar type of condltlorj- ^ 
Is true for angles. We wish to state expli^cltly our baslc^under- 
standing. J 
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» . Property II: Consider /XYZ /DEP' such that 77 = ^15, 
7? = W, and » T3F. Then /XYZ = /DEF and with X-- — i-*D, — 
and — there is a unique such congruence ^ ^ 

Thi3 prppferty tells us that If we can find three .points of 
either angle In the porrect relationship to some thre^ points of 
the other, then the angles are congruent* 





This 'property gives us a criterion for stating that two 

! 

angles are congruent. It Is^ precisely this type of condition 
that we needed i^n - Section 1 of this chapter to assert that our 
Construction actually gave an angle congruent to the given one. 
Property II iTTreally rather intuitive. We would expect 
j/DEF to coincide with JTTL if we superimposed the figure^ 't?ith 



F on Z, D on X and E on Y. 



Exercises 8-.2 



1. IE and given below as having ^the a^me length. 

A B ' ■ 



P 



Q 



Describe two congruences of IS and Tq, -I.e., describe two 
one-to-one correspondences between Ib and "F^ which preserve 
distance. 
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2r In (l) above suppose X is a point of AB .at ^ of the distance 
^ .,from A to B, Di^aw a copy of Tq and label as Y and Y» JbjJfe 
points t^ whifeh X would oori^gj^ond under the two congruences 



of (1)- 



1^ X 



\. Assxime 'that the angles /uVw and /HJK below are congruent. 





I ^ 

Assume IaJ ^ W l^W = 7k and."^ = W S "JM = '5!^. ^ 

(a) "Describe two conginaences of /UVW with /HJK by matching 

the five indicated points of. one figure with the five . 
iiidiea%edr-p0ift4;s--QfL:tl^^ in two different ways. 

(b) .In one of your congruences of (a) U ^^*^=^=p^ii-ar)d W — ^N. 
What do ,we know about W and. M? About "SW and M? ^ 

Consider the figures below* - ^ ' # 





6 * Z 

B ^pla in how by measuring three segments of each figure we 
mi^t prove that /EPG is congruent to /XYZ (if it is). 



\ 
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.Consider the angles below, 
A. 





^ ■ 



• Suppose iB = QP and B? QR. 

9 

If To is not congruent to Tr, can /ABC be congruent to /PQR? 
Explain, ^ _ ^ * 

6, Try to state Property II more simply. 



3. Congruence of Triaihgles . 

^ What is usjually meant by saying that A ABC = ARPQ? In 

traditional terminology one says that A ABC can be superimposed 

on ARPQ, In many geometry texts this is also taken to mean that 

, corresponding sides are equal and corresponding 
ang?t^s are equal". 




Of course, in our terminology the sides and angles arQ sets, 
of poin-^ and, hence the word "equal" would be* replaced by 
"congru^njb" , Note that both of the above meanings for congruence 
of triangles involve a matching process o;? correspondence. 



149 



8.16 • • 

Certainly the superposition requires a one-to-one correspondence 
between the two sets, each p^'oint of tjie one set cqrresponding to 
the point oT the other 'on which it is superimposed. If "Sb corre- 
sponds to rF a^d 5c corresponds to Tq then clearly B = USO'SS' . 
should correspond to P = rFOTq. Thus the idea of "corresponding 
sides" and "corresponding angles" requires that the ^set of 
vertices 6f the one triangle be in a particular one-to-one 
correspondence with the set of vertices of the other. In fact, 
the converse is also true; a particular one-to-one correspondence 
of the two selTs of vertices induces (or produces) a one-to-ope 
correspondence be^tween the sets of sides of the two triangles^ and 
a similar correspondence between the sets of angles of the two 
triangles. For instance^, if A*-- and B- thep JS^ — ^"Rp. 

Thus we see that a key to the possible congruence of tKO.,.^^ 
triangles is a matching of their sets of vertices.- In fact, 
we have the following almost obvious theorem which we give --^ 
without proof,. 

Theorem I: If A ABC = APQR, then any one -to- one" corre - 
spondence of the triangles , which preserves distance gives a one - 
to- one distance - presi^ving correspondence of the sets of vertices 
of the tHo triangles ^of [A, B, C} with (P, Q, R}). 

To make our notation and language easier, let us agree 
that writing _ \ , 

AABC = AXYZ 

means not only that the triangles are congruent under some 
matching process but that they are congruent uhder a one-to-one 
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correspondence which matches the vertices in the order . given > In 




A • • X, B-« — ^Y, and C-< under the congruence we have in mind. 

Similarly, let us agree that {A, B, C} = {P, Q, R] implies that 

A^* — ^P, B'* — kQ, and C-< — under the congruence implied 

between the two sets of three points each. 

The converse of Theorem I, which we shall state as'Theorem II, 

is also true but it requires some proof which we shall outline. 

(We assume in Theorem II <that {A, B, C} and {P, Q, R} are sets of 

vertices of triangles.) 
^ Theorem II: If {A, B, C] = CQ, R), then AABC « AQFR* 
Proof: We begin by recalling what, we, mean by saying that . 

(A, B, C} = {Q, P, R}. A set of points is congruent to another 

if there is a one-to-one correspondence which preserves distance 

between them. Therefore, as A- — ^ Q, B ^« — ^P, and C^* >■ R, we 
, . are saying that AB = QP, AC ,= QR, and^BC. = .PR, these indica;^ng , . 
"^^^""TJhe distances that must be preserved. 



••1 

But Property I of the Jirevlous section implies that there are one- 
to-one correspondences which pVesterve distance' between 

15 -and with. — ► Q and — . ^ 
and "^vwithV^^ — and C-^ — ' 
• and 55" and Tr with B-*— ^P and C-' — 
Thus we may consider a one-to-one correspondence to have, 
been set up between and AQPR and this correspondence matches 

A with Q, B with P-and C with R* ^ 

What we have not . yet observed is whether or not all distances 
are preserved imder the correspondence. For instance, in the 
figure below, if X-«— and Y — ^Y», is AX = QX»? Is XY « ^«Y«? 




B 0 

/ \ 
/ . \ 
/ ' s 

— 

Y "^"^--^^^ 



The answgp-^ each of these questions is Ciji;gs"' agd we use 
Propert^rlfl of the previous section to see |hat such should be sthq 

We note that J5 ^ = ^R and TJS = "^F arid these ^are Just 

what we need to apply Property tl. From Property II, then, 

/ACB = /QRP with A-^»--^Q, C-<— and B-— *-P and the '^natural" 

IB- 
further ^correspondence such as X » ■ X » and Y-*-r^Y». ^Bu-t -as 

A-' — ^Q, X-- — ^X» and — -Y» then AX must be equal to' QX» and :v 

XY must be equal Jo X»Y» because distance must be'^preserved under 

t 
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congruence of the angles /ACB and /QRP, in jbhls instanced By use 
of this type of rea§j^ning Theorem IT. can be established on the ' 
b'asls of our assumed properties. 

Note ♦that In this argument which we have sketched, we first 
observed that' the corresponding angles were congruent (using 
Property II). Then because corresponding angles were congruent 

ti)e various distances had to be preserved.' • ' , . " ' 

-s ' 

We now wish to . observe the fundamemjgl -theorem that If two 
tl*langles are congruent by our definition^ then -they are the 
' traditional definition. - ' . 

♦ Theorem '^II: If AABC = ADEF, then the corresponding side's 
and corresponding angles of the two triangles are congruent . 

Proof: 3lnce A . - "" D and — *-E, under our congruence, then 
AB = DB. Therefore AB ~ Similarly AC = W and Ic = W, and 

the corresponding sides are coi^gruent.. What about /ABC aiid /DEP? 
^ ^A^ the^ congruent? The answer Is yes;- for 

''- • Ay • ^ .^' ' 




'SK = 15, W = W and TTC = W as we Itave < observed/ [ 
Propertyy^I, /ABC = /DiF under a "correspcfndence 
B-*— and C- — ^P. Similarly /BAG = /EDP and /BCA = /BPD. . 
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Thus we see that in the case, of triaif^es our definition of c'bn- 
gruence implies the traditional one, then do we use it? 

(l^ It is more explicit and J.ead'^f^^ better understanding, 

(2) . it emphasizes the fundamental ,idfea of congruence and in 

so xioing is applicable to other types of figures (sets 
of points). 

v. ** 

(3) It does not unnecessarily introduce the idea of "moving' 
sets. ' ' 

(4) It gives another elementary geometric setting to t 
illustrate the important idea of a one-to-one corre- 
spondence. * Thus rt helps give a unity to the language 
of mathematics. 

Exercises 8-3 

1. Suppose' A ABC and APQR ^^re as in the figures below with all 
Six indicated segments oil the same length. " 





How'^many congruences are there between A ABC and APQR? 
List the matching of the sfets of vertices for all 6f them. 
For example, (A*"** — ^P, B-* — ^R, 0 — »^0.)'-would be one such. 
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2. Explain why Theorem II is like the traditional sideWside-side 
congruence theorem. 

3. ^ Suppose in triangles .ADEP and Am that 

DE ig^.not congruent to T? 
W is not congruent to YZ 
and " ^ W is not congruent to'Y?. ^ i 

Can ADEF be congruent to AXYZ? 
Must the two triangles be congruent? Explain. 
k. Suppose AHJK = AUVW as below, with L- — ^ X, — -Y. 





List all the pairs of segments (with some of the indicated 
^ive pi^ints. ^s endpoints) wh^ich you know must be of equal 
length. You should have 10, of them. . « ^ - 

V 



5. Suppose APQR = *AABC 

Explaip how we know that /PQR = /ABC. 



k.[ Congruence of Triangles --- >Th6 Standard Theorems . 
We begin with the SSS Theorem (Side-SiderSide) . 



ERIC 



155 



8,22 

Theorem IV: Consider A ABC and APQR. If AB = PQ, BC = 1^, 
and AC = then AABC = APQR. 




Proof: This theorem is essentially a restatement of Theorem 
II. -t Let — »-P, B- — and C-« — ^R. Then this correspondence 
is a congruence of (A, B, C} with (P, Q, R}, Therefore Theorem^ if 
asserts that A ABC « A PQR. - 

Next we state the S/S Theorem ( side-^gle-side) . * 
Theorem V: Consi^er^ A XYZ and A PQR, If = Tq, Iz = W 
and /XYZ = /PQR, then AJCYZ = APQR. 





Proof: • The given condition that the angles /XYZ and /PQR 
'are congruent means that there is a one-to-one distance-preserving 
corresppndence between the angles. This correspondence can be 
taken so* that X-; — ^P, Y- — ^Q and Z- — ^R. But since all corre- 
sponding distances must be equal, XZ = PR and then 3fz> = Tr. 
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This together with the given congruences of segments averts con- 
ditions like those of the hypotheses of 'Theorem IV. Therefore 
AXYZ S APQR'* ' ' \ ' 

We now corisider the /S/ Theorem ( angle -side-angle ) . 

Theoreiyvl: Consider triangles APQR and A ABC. If 
/PQR,S /ABC, VqR S IC, and /QRP = /BCA, then APQR S A ABC. 





Proof: Let X be a point on» 0? such that S UT and X is on 
<^ 

the P-side of QR. Prom Theorem V, AXQR^ AABC. Thus by 

# 

Theorem III, /XRQ = /ACB. But by Property I-A of Chapter 6, there 
is^ only one ray with endpoint at R and containing a- point 9n th^,_^ 
P-side of ^ such that the- angle formed by_^his ray and^R^ is 
congruent to /ACB. Thjg^fore X and P must both be on this ray and 
hence on the line ft. Sut 'X ^d P are both on the line of . These 
two lines ^can have at most %ne point of int^section. Therefore 
the point X is the point P and QP = BA. Now the conditions for* 
Theorem V are obtained and hence the two "^riangl^s are congruent. ^ 

A triangle 'is called equilateral if its three sides are all'* 
congruent to each other. A triangle is called isosceles if some 
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two sides of It are congruent to each other. We list two of the 
most fundamental theorems ^bout Isosceles triangles. These 
theorems are used to prove various other theorems. 

Theorem VII: If two sides of a triangle are congruent , thep 
the angles oppos-ite these sldes^ are congruent • 




We' are given that PQ = QR. We wish to show that /QPR = /QRP* 
* Proof: We note that (P, ^, R} = {R, Q, P}, for 

PQ = RQ 

PR.= PR (or RP) ' ' * ' 

OR = QP- ' 5 
Therefore, by Theorem JI, APQR = ARQP. But /QPR corresponds 
to /ORP under this congruence and thus, by Theorem III, ^ 
/QPft = /QRP, as was to be^ shown. ' ^ ^ 

Finally we state the converse of Theorem VII. 
Th'^orem VIII: If two angles of; a tri^gle ^ are congruent , 
then the sides opposite tjiese angles ar^ congruent. 




We are given that /XYZ = /XZY. We wish to* prove that TZ ^ 77: 
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Pi*oof : Consider the correspondence as follows: 

X- 

— 

' • . Z- 

Under, this correspondence of vertices 

^ £pn corresponds to /XZY ' ^ 
corresponds to "ZY ' ^ 

/XZY corresponds to /XYZ. . ^ 

But it is given that each angle cited is congruent to its corre- 
sponding angle. Also 7z = "ZY by identity. < Therefore the con- 
ditions of Theorem VI are achieved. - Hence AYXZ = AZXY. 
Under this congruence Tl-^ — *-XZ and thus, by Theorem III, 
^ISy = If? as was to be shown. " ^ ' 

' ' ' ' 

, - . Exercises 8-4 % 

1. Prove that all the angles of an equilateral ^triangle are • . 

cbngruen.t to .each other. - ^ - ^ 

2* Draw figures to show that the .side-side-angle "theorem" is 

not true* ;En other words, exhibit two triangles which are" 

• , ■ . . . 

. .not congruent, but f(^r which two sides and a non-inciuded 
angle of the one are congruent- resp.edtively to two. sides and 
,a non-ihcluded angle of the other. 
3/ Give examples of two equilateral tt^iangles whith are not 
congruent to each other. Hence show that the angle-angle- 
• angle "theorem" is not true. 
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4* Given a quadrilateral ABCD whose opposite sides are congruent/ 
, i.'e*, AB^= and AD a 
Prove S /BCD and 

/ABC S /ADC. ^ 
5* Given quadrilateral PQRS with ' j 

^r^' S -p^ and S _ ' 

Prove /PQR^ « /PSR. » ' , 



t 
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Chapter 9 

Parallels and Metric Properties of Triangles 



1. Terminology and Basic Propertfes. 



Suppose and are 'two lines In a plane and ^ is a line 
different from 1^ and Si. Suppose ^ Intersects both ^'and St 
(in non-empty Intersec^^lons) . Then Is called a transversal of 
the two lines. 




I 



,-Let the points of JLjiter section be E and F as In the figure. 
Assuming ^the "^various points are located as above we call /PEB 
and /EPD corresponding angles ♦ . There are three other pairs of 
corresponding angles In -dur figure. Similar ones are rfoted In 
the proof of Theorem I below. 

We call /AEF and ^^EPD alternate interior angles ." There Is' 
one other pair of alternate^ Interior angles In our figure. 

Theorem I:' If two corresponding angles are c^rigruent to 
each other, then so are the angles of the other three pairs of 
corresponding angles. 



/ 

/ 
i » 
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Consider the figure on the 
right and suppose /XYB S /YZD. 
We wish to show that 

/BYZ ~ /J)7M ^ ' 

- £tcn. = /CZY and 
/AYZ ^ /CZW 

Proof: /BYZ = /DZW, supplements of angles given as congruent'. 






Similarly /aYX = /CZY, supplements of angles given ^ 
' ^ . ^ as congruent, 

^ Finally /AYZ ^ /CZW, supplements of. angles proved to 

be congruent. 

We next wish to establish a basic theorem about corresponding 
angles.^ We 'are given a tranversal cutting twa lin^s. 

Theorem II : If a pair of corresponding angles are ^congruent ^ 
to each other, then the lines cut by the transversal are parallel. 



We shall prove this theorem by ciDntradiction. (Some readers 
may wish tp use drawings of their own while reading this argument.) 
We are given lines, AS and 
53 cut by transversal ^ 
as in the figure. We are x 
further given that /PEB = /EPDc 
(^even' if it doesn^t look like 

it) . * Suppose X is an element of Let Y be a point on the 
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ray S such that EY = XF. Thus Y ^ X and Y is on the D-slde of 
line PQ. Now consider AXEP and.A^lYF. Let - ^ 

X < — * Y 

P < — > E • 

wftere the first listed points are thought, of as the vertices of 

NowlCF = by construction (i.e., defining condition for Y) 
r : EF = W by identity 

/EFt ^ /fey because supplements of congruent angles are 
congruent • 

. . AXEF = AYFE by the SLS theorem with the correspondence 



between sets ojf vertices as above • Hefice /EPY = /XEF (jcorre-- 
sponding angles of congruent triangle^s). But /PEB = / XEP 
.(vertical ^angles) and thus /PEE = /EFY, Also'/PEB = /EFD (given) 
^d Y and D are^pn'the, same side of Therefore /EFY = /EPD 

* (i.e., t'^ey are the same angle) by Property I-A of Chapter 6, 
which says there "is a unique angle congruent to /PEB with one ray 
P? and* the other containing points on the B-side of M. 

Thus Y must be on the line Therefore/ line AB and line 

CD have the two points X and Y in common which' is a* contradiction/ 
(Two distinct lines can have at most one PQlnt in common-^-Property , 
I-A of Chapter 5») Hence, the assumption that AB and have a 
non-empty intersection is false. Therefore the lines= are parallel. 



} 
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We wish to establish the convei^se of Theorem II.' v.- 
Theorem III: if two parallel lines are cut. by a transversal , 

then the corresponding angles are congruent . 

Given parallel lines itS and ^ and 

transversal ^ as in the figure? 





We W^h to prove that /XEB = /EPD. (Then, by Theorem I, the ^ 
angles of all pairs of corresponding angles are congruent)/ \ 
There must\ exist, a ray such that /XEQ = ^EFD and Q Is on the* 
B-slde of By Theorem II, ^ 

must be parallel to ^B\xi there 

Is only one line through E parallrel 
to (Property V of Chapter 5), 
Hence ^1^^ (i^'= iS) and 
/XEQ Is /XEB*. Therefore /XEB S /EFD 

as was to be shown. ' " * * ' 

^ Exercises 9-I 

1. (a). ^ Prove that If a pair of corresponding angles are "" ' ' 
congruent, then so Is some pair of alternate Interior 
angles. ^ ' ' ^ ^ 

(b) J^rove the cdityerse of. (a). ' ' . \ 

2. Prove Theorem I-A: . if-^o'^'alternate i^erlor angles are ^ 

1,0 ^ * 

^ congruent to each other, then so are the angles of the other 
pairs of alternate Interior angles. 



I 

3. Prove Theorem III-A. If two jparallel lines are cut by a 

transversal^ then the alternate' interior angles are congruent. 
^. Try to simplify the proof ^of^jpheor^m II. 



^* ££ the Measures of the Angles of a Triangle . 

In this section we prove the following well-^known theorem. 
Theorem IV: If oc, and t ( alpha ^ beta , and gamma ) are 

the ( degree ) measures of thjS %hgf e angles of a triangle-, then 

0C + ^ + / = 180. 

Given 

A ABC withoc= m(/BAC); 
- ^ = mf/ABC) and 
. y = m(/ACB): 



We wish to prov6 that cc*+ f ^ I80. 

Let PQ be the line through C which is'paraJLlel to AB. We may 

regard Q as on»th'e B-side of AD and in fact, in the interior of 

^CD* Thus, /QCD % /bag (correspondirjg angles) ^d hence 

c?C = m(/QCD)^ for congruent angles have equal measure. Also 

- ^CQ = /ABC (alternate interior angles--see ExercTise 3 of 

Section 1) and hence/^ = m(^CQ) . . Now m(^qD) = fn(/QCD) + m.(^CQ) 
=:*0C +/^ . But m(/BCD) + m{/^Qk) = I80 (supplementary angles) an^ 
( (X ) = 180 or oc +7^ = 18a as was to be shown. ^ 
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f 

Wfi speak of ^CD §s an exterior angle of AABC, ('Note th^t. 
an exterior angle of a triangle is not a part of the triangle. It 
won't be by almost any definition which is used. Yet it has long 
been customary to use the' expressipn "an exterior angle of a 
triangle". ) ^ ' ' v 

We ha^ shown in the p/eceding proof that m(/BCD) =' oc^-^/S 
and as e<.j/ 0 and /3 0 then c?c+p >oc and cx.+^ >^ . Thus we 
; have in effect' proved 

Theorem V: Tjie measure of an exterior angle ^ of a triangle is 
equal to the sum of the measures of the two opposite (interior) 
angles ^ of the triangle and is greater than eithWr of them . . ♦ 

On the basis of these ^j^jjgjgj^ms and of the^ theorems of 
Section 1, we are now in a position to state and prove several 
theorems about parallels and perpendiculars. We state some of the 
theorems here and leave the others arTd all the proof^ for the - 
exercises. 

Theor em VI ; If two distinct lines (in a plane) are each 
perpendicular to a third line then the two lines are parallel. 

Theorem VII: If itwo lines are parallel ^ and one is perpen- - 
dicular to £ third line (in their plane) then the other is also . 

, Theorem VIII: Given a line ^ and a point P. Then there is 
exactly one line containing P and perpendicular to, J? 
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A ^quadrilateral Is a simple dlosed curve (in a planeT which 

• — ' ■ ■ ■ ■ . ^ *^ ' 

is the union of four segments (called the sides) but is not the 
union of three segments. (Note that a triangle 
is the union of four segments) axK^As also the 
union of three segments* A quadrilateral has 
four sides and four angles." As in the case of 
a triangle, we shall use the term "side" to 
mean* either a segment or its length (as convenient). 

A parallelogram is^ a 'quadrilateral in which each side is 
parallel to another. A parallelogram has two pairs of parallel 
sides. , ^ " 

A quadrilateral" whose four amgles are right an^B^ called 
a rectangle. It follows fi^om Theorem VI that a rectangle is a ^ 
parallelogram. 

Theorem IX: The opposite angles £f a_ parallelogram are \ 
congruent to each other . ' , . 

Theorem - - The opposite sides of a parallelogram are 
congruent to each other ( or are of equal length ) . • 

Theorem XI: The sum of the- measurA3 of the angles of a 
parallelogram is 360. • J 

• * Note that from our definitions it does not follow that the 
sum of the measures of the angles of any quadrilateral would be 
360. , . " • * . ' 
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Two examples are indicated 
on the right. The sum of cer- 
tain niimbers naturally associ- 
ated with the angles of a 
quadrilateral -will be 36o. 
But these are not necessarily 
the measures of the angles 
of the quadrilateral. 



") , Exercises 9-2 

Write out a proof (as in the text) 
that mC/QRS)^-^' m(/R?Q) m(/PQR) . 




3. 
5. 




How many exterior angles does a triangle have? How many 
angles are represented in a figure which is the union of • 
3 lines having no point in common but such that each two 
-of them do have a point in common? 
Prove Theorem VI. Hint: Use Theorem IV. 
Prove Theorem VII. , * . 

Prove Theorem VIII. Consider two cases.: ^e in which P i 
a point of ^, the pther 'in which P is not a poin-t of'/^. 

A • 
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6. Prove Theorem IX. 

» 

?• Prove Theorem X. - 

8. Prove Theorem XI. 

9. Prqye that if the opposite sides of a quadrilateral are • 
congruent to each other, then the quadrilateral is a 
parallelogram. 

10. Show th^Lt if S and P^ are parallel lines, the lengths. of 
1 the perpendicular segments from the points of to PQ are 
all equal. 



3. Some Inequalities As'gociated with TriarTg^les — The Triangle 
Inequality. 

In tUis section we list Bf>m4 properties without calling them 
theorems. 

1, Consider a triangle ( A ABC). 
If A$ > BC, 

then»m(/BCA) > m(^AC). B, 

Let D be a point of. such that • 
BC = 1^. 'As BD = BC and BC < BA, 
then BD < BA^and D is between B and A, 




A BCD is isosceles with BC = BD. Hence /BDC = /BCD. Mow 
/BDC is anr exterior angle of A'CDA and thus m(/BDC) > m(/BAC). 
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But ^eciuse" D is in the interior of /BCA, m(/BCA) > m(^CD) . We 
hav^ the following facts, then, ' ! 

m{/BCK) > m(^D) 

m(^CD) =: m(/BDC) 
^^^^^^^^ . ^ m(/BDC) > m(^C), ' ^ 

Therefore, m(/BCA > m(^AC) as was to be shown. Another way of 

stating this result is "If two sides of a triangle are of unequal 
- measure, the measures of the angles opposite these ^sides are 
unequal in the same order". 

2. Now we look at the converse 
of "Statement 1. Consider a triangle 
A ABC. If m(/BCA) > m(^AC), then 
AB > BC. ' ' ^ 

We prove this statement by exhausting 
^•possibilities. Either AB > BC or 
AB BC or AB < BC. 

If AB = BC theYT the trlangi^ ^Ls-^rsOsceles^ .and = in(^AC^ 

which is a contradiction/ 

If AB < BC then from Paragraph 1 of this section, m(/BAC) > m(/BCA) 
which is alffo^a contradiction. 




Therefore, ,the only possibility left Is that AB > BC which was 
to be shown. . ^% ~T 
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3. We are now in. a position to establish the extremely ipi- 
portant "triangle ineqviality" of geometry* The 'triangle In - 
equality asserts that the length of any side of a triangle is less 
than ' the Qvm of the lengths of the other two sides. 

In one sense, the triangle, inequality implies the "shortest 
distance" property of geometry. The straight line path from P to 
Q is shorter than the length of tlie broken-line or polygonal path 
from P to Q by way of R if R is not between P and Q. 



R 




We shall agrees that a, b, and c are the lengths of the sides ' 
opposite the angles at A, B, and (? respectively. Prpm a 
construction point of vfew the "triangle inequality" property is 
Just what we expect. For if c > a + b then in tryifi^ to construct 
the triangle, starting with side "SS the two circles with centers at 
B and A and radii a and b respectively would not intersect unless 
c = a +• b and then the point of intersection Vouli* be on "SSl* 




ERLC 



171 



9.12 

Now we give an ^argument bashed .on our earlier assumptions. 
We assume c > -a + b. 




Let D be a point on bK such that BC = BD. Then A BCD is 
isosceles and m(/BCD) = m(/BDC). D is between B and a'. 

Considering A ACD we have that AD > AC (even^if it doesn't 
look like it) for AD = c - a- and as ^ + b c then b < c - a. 
But then m(/AC») .> m(/CDA). 

^ ^Now m(/BDl) + m(/CDA) = l80 , • 

and m(/BCD) + m(/ACD) = m(/BCA) < l80. 

HenK^^^n(/^ = 180 - m(/BDC) 
and m(/ACD.y < 180 - m(/BDC)\ 

Therefore m(/ACD) < m (/PDA), 
but this contradicts oyr earlier statement. 

Hence it is not true that c > a + b. . ^ ' 

Therefore c <'a^*b. ^ 
r- 

fccercises 9-3 

1. Given three points A, B, and C. * Explain how by measuring 3 
, . distances one can find out whether or not the triree points 
are all on the sarae^ine. 
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Supp^ose that is a line and P is ' 
a point not on J^. Suppose furthe^ 
that B is t^ie-foot of the perpen- 
dicular from P to and A is any ^ 
* other point of X • Show that PB <; PA. 

In other words, show that ""the perpendicular distances is thq 
shortest distance from a point to a lin^'. 
Let A,- B, and C be the vertices of a triangle. Let P be a 
point which is 'not on the triangle but which is in the plane 

of the triangle. Show that the sum of the distances from P to 

1 ' 1 " 

A, B, and C l^s greater than,-^{AB + BC + AC), i.e., the 

perimeter of the triangle. 
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' ^ ' Chapter 10 

Areas , Volumes , and the Theorem of Pythagoras 

r 

1. Areas of Parallelograms and Triangles > The Theorem of 
Pythagoras. ' . ^ 

We have seen in Chapter 6 that if i;*ectangle has base b 
smd height h (in terms of the same unit) then the area of the 
rectangle (rectangular region) is b • '"h fin terms of a square 
region of side one unit). 



h.= 3 

b = 6 

Area 6 • 3 = l8 



Let i}S develop the formula for the area of a parallelogram. 



P D X C 




A A 





B Q 
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We are given the basic properties of area discussed in 
Chapter 6, Section 4. We will consider the parallelogram to be 
labeled as in the figure. Sides and can be considered to 
be horizontal with A and C as the "extreme" points in a horizontal 
sefise. (Draw a figure as you read this.) 

Let P, X, and Q be the feet of the perpendiculars ^from A 
,and .B to ,and from C tp respectively:., The point^X.mlgh^^ be 
D. • As* AB and DC are parallel, it follows from Theorem VII of 
Chapter 9, that AP ^ AB, BX ^ AB and CQ* J_ CD, Thus AP, BX and 
CQ are all parallel. Hence AQCP and BQCX are both, rectangles. 

Now ABXC,= AAPD and thus from Property V of Chapter 6, 
Area (^^BXC) ="Area ( A APD) . Prom Property VI of Chapter 6, we 
m^y conclude that 

Area* (□ BQCX) = Area (-A BQC) + Area BXC), 
and therefore Area (OBQCX) = Area ( A BQC) + Area ( A APD). 

Again from Property VI, * 
. Area (nAQCP) =,Area (ZI7ABCD) + Area ( A BQC) + Area ( A APD). 
Hence Area (□ AQCP) = Area (ZiyABCD) + Area BQCX)^.. 
or- Area (/C7ABCD) = Area (□ AQCP) - Area (□ BQCX). 

Prom our formulas. Area (□ AQCP) = (CQ)(iiB + BQ) 

= (CQ)(AB) + (CQ)(BQ) 
and Area (CZIBQCX) = (CQ)(BQ), . 
"Therefore Area (Z:7ABCD) = (CQ)(AB) + (CQ)(BQ) - (eQ)(BQ) 

^ = (CQ)(AB). , 
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• ' ^, I 

This last forrauia asserts that the area of the parallelogram 
is the product of. the' length of^^e base times the altitude. ' 
V = l/. h. This is what we wanted to show. 

Note that either pair of parallel sides could have ieen 
regarded as horizontal. Prom Property VTI of Chapter 6 we conclude 
that • ' - 

/ 

i ^ ^1 * ^1 ^2 * ^2 where 

and b^ are lengths of adjacent sides and h^ and h^ are 
the heights to these sides. 

Prom the formula for the area of a parallelogram, we can 




very easily obtain the usual formula for the area of a triangle. 
Consider A ABC. Let us 
regapd AC as the base. 
Let D be the itft^g<R £,cti on 
of the lines through C 
parallel^ to AB and through 
B parallel to ^« jL 

(The assumption th^ the lines don»t intersect means. that they 

would be parallel which means that both AB and the new line 

through B would be paraAel to the new 'line throughH?T But then 

we would 'have two lines through B parallel to a given line, for 

j the new line through B* cannot contain A ^d hence is, different' 
<^ . ■ ' 

from AB.v * ^ 



17& 
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. ^ 10 A 


o 


Now from the SSS Theorem, A ABC = A DCB and heivce 


Area ( A ABC) = ^ Area (C7ACDB) > ' ^ 


= "I (AC) . h = ^ b . h ' / 


where h Is the height of the triangle (and of'.th'e parallelogram).. 


As in the case" of the parallelogram. 


the formula for the 


area of a triangle can be used with any particular side as the 

9 


base^ * 




The Pythagorean Theorem. The Theorem of Pythaeoras has to 


do with the lengths of the sides of a right triangle.* Since the 


sum of the measures of the angles of 


. y 
S " 


any triangle is 180 tl^re can be at ^ 


* -> 


most one right angle in any triangle. a 


We call the side opposite the right 




angle- the hypotenuse of the right 


b 


triangle and usually denote its length by 


c. The other sides are 


called the legs of the right triangle. We denote their lengths 


, .by a and b. The Pythagorean Theorem says 


that in a right triangle 


2 2^ 0-^ 






— or--- 


the square of the hypotenuse is equal to the sum of the squares of 


the other two sides. ^^"^ 


s 


There are a tremendpus^ number of "proofs" of the Pythagorean' 


Theorem. .Even President Garfield once gave such^a proof. We give 


one of the more elementary. geometric ones. 
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In this proof we as-sume some properties of rectangles which 
we^have not stated explicitly, but which follow from observations 
« wehiave made in the previous chapter. 




In this paragraph we describe the figure above. We are given 



the right triangle A ABC. ^'5tiere exist lines through A and B 
perifendicular to AC and CB respecti^ly. Let P be the point of 



intersection of these lines. APBC is a' parallelogram (rectangle) 
and hence AP = BC = a while PB = AC = b. Let Q and S b^points 
on W^and PA^respectively as in the figure such that BQ = a and 
A3 = b. There exist lines perpendicular to AS at S and BQ at Q 
respectively. Let R be their point of intersection. PQRS is a 
re<;^angle wit^ adjacent sides equal in length. Hence PQRS is a 
square. iTet E be a point of and D a point of RQ such that 
SE = PD c=' a. Then it may be observed that ABDE is a square of 
side c. We leave the proof to the exercises. 



it- 
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Area (□ FQRS) = (a + b) (a + b) , = + 2s^b + 
Area (□ ABDE) = c^. % . <- 

Area ( A APB) = Area ( A BJlD) = Area ( A DER) = Area ■( A AES) 
/. ,=-|a..b • ^ . 

. Area (O PQRS) = Area (□ ABDE) Area ( A APB) + Area (ABQD) 

* 4 • ^ 

+ Area ( A DER) + Area A (AES) 



Therefore a^ + 2ab + = + 4* (iab) 

,b 

. as wks to be^^hown. 



a^ + b^ + 2ab = + 2ab 



Hence; 



a2 + l? = 



Exercises* l^O-^^ 



2. 




Find the area of the region 
of the figure, on the right. 

i 

Find- the altitude to the , 
hypotenuse of the right ^ 
triangle of the figure* 

(Hint: Equate twcj expressions for the area.)^ 

Exercises* 3 and k refer 'to the description of 
' the figure in the discussion about the Pytha- 
gorean Theot^em. . • I ^ . 
Prove^ that ^he lines through A and B perpendicular to Ac' and 
respectively must intersect** 



ERIC 



1^ i 



179 



10.7 



4, Prove that ABDE is a square. ^Npte that the sides are of equal 
length (from the congru'ent comer triangles). Hence show one 
of the angles is a right angle. , ' , - ' ^ 



' 2. Other Areas and Decompositions , 
There are various other figures for which we want to compute 
areas. Some of these are mare complicated closed regions in the 
j)lane and some are^ 3urfaces or parts of surfaces of solids. In 
general, the approach^ computing the ,areas of such figures is to 
•think of the figures as the union'^of simple figures.. Then we may 
compute the areas of the various simple fi,gures. -In some cases we 
develop special formulas and use their^or computations. But in 
many stance es, It v*^8 ^a^'er tb^remenibd^ the geometric considera- 
tions which lead to the formulas, than t^emember the formulas as 
such,^ (An excepti'on j^s the formula for t^e area of a parallelogram, 
whith can be considered to be like that foV a rectangle,) 

A trapezoid is a^ quadrilateral' with twV parallel sides such 
that the other two sides are not parallel, 

S ■ R s R , 





Tlje area°of a closed trapezoidal region may be found one of -two 



standard ^^devlces. We may decompose l,t Into two right trXangula; 



' : . r ISO 
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and one t'ectangular region, as on tTie'l^ft or into two triangular 
regions as on the right • Prom either of these we can derive the 
usual' formula for the area as -^^^(5^ + b^) where h Is the altitude 
(perpendicular, distance between parallel sides) and b^ and b^ are 
the lengths of* the bases. 

In applications of geometry, there are a number of problems 
which arise as to the total surface area of a prism or pyramid or 
the lateral ^yrfa.ce area of s.u6h. The distinction between "total 
surface." area and "lateral surface" area is the following: If the 
solid concerned has .bases (one or two) then the lateral surface, 
area 'refers tor the area of the \inion of the faces- other,. than the 
base(s) whereas the total surface »areajrefers to the area of the 
union of all faces. 



o ' Among solids that are commonly desalt with are prisms and 
pyramids, A prism is a polyhedron (a solid with flat faces) such 
that some two faces are congruent and are in ^parallel planes • 
* . ^These faces are called the bases. The other faces are all^ 
parallelograms (or rectangles for right prisms)* and each of 
yiiese parallej^rams has ja pair of opposite edges in the two ^ 
jbases. A triangular prism is a 
* Iprism whose bases are triangles, 
itoli^ figure ^ on the right represents 
triangular prism. The pne below 
it ia a prism with pentagons for 
r^ase^. . ^ ^ 
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A pyramid is a polyhedron with one face designated as k base 
and with all the other faces being >triangular, having a ver^x in* 
conunon^jind^ the other two vertices of each'^on the base. 

The figures below represent tf iangu3,ar and square pyramids 
(th^ adjectives describing the bases). 





= A much'^more comprehensive treatment of polyhedrons is given 
in Chapter 14. The "solid polyhedrons" of this chapter are Really 
3-dimensional polyhedrons. 



Exercises 10-2' 



L;^' Derive the formula for the^arel of a trapezoidal region by 
^ decomposing the region into two triamo^ar regions. . ^ 
2. Derive the formula for the area of a\rape|oidal region by 
decomposing the >^ion into 2 right triangular and one 
rectangular region. • \ f' 

• 3. (a) Find the lateral surface area of a right pri^m-^in terms 
of the perimeter of .the base and the height 'of the prism^ 
, (b) Find the total surface area in terms of the result of (a) 
/ and the ardas of the b€ses. . * " 



• H - 10. Id 

suppose a square pyramid of side 8 has 11^ triangular faces , 
an congruent. to each other. Suppose th^^^slant height 
(altitude qf on'e of the triangular faces) Is 10. ' • 

(a) Find the lateral surface area. 

(b) Find the toial surface ar.e*a. 



i the to^al^i 



3. yolumes . ^ ■ • 

■ aee. a point or view wMo^ enables u. to Tin. the volume < 

, a oo„p,.eate.,po..Ke*ai (..e. .„teno. o. a po^^hel 

et.e. „.t. .ts .0^.^,. „^ - 

the solid T»pffior\ ir^*.^ , '^■^"6 

•^la region into simpler ones-l.e. we thirn, " 
4.K tnink of expressing 

the complicated solid region t-h ' 
slmm ■ ° J "^"-overlapping 

simpler i-eglons. (as noted In the last 4.^^ 

• • last section. Chapter Ik has 

m^h »ore comprehensive treatment of polyhedrons]) 
• For volumes, we have available, so f.r,-.he volume .f a " 
-ct^gular parallelepiped, xt ,1 either . . . . , (,,3, , ' 

■-Pthxhelght)orB;h,hereB=...Wls.thearea,f'a ^ 
rectangular region which Is regardec| as the bale ' - " 

^he point Of View . = B . h 43 out t6 le a useful on 

TT T'""l -*°:-^^--^-'--~rs 'a^ dl.cussU 
111 Chapter 11). . ' ^ • ^' ^ 
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Let us start with a triangular 

right prism. By a construction and 

argument like tha^ given for parallel©-. 

grams and triangles in Section 1 of this 

chapter we can decide that the volume 

of the triangular prism ^ that of 

a rectangular parallelepiped whose bases 

are rectangles of area twice that of the 

triangular "ba^es. ^ Thus it follows that the volume of the tri- 

singular prism is B • h. Now, any right prism can be decomposed 

into non-overlapping triangular right prisms. We simply have to' 

decompose the base region into triangular regions. Then the 

J 

volume of the prism is the s\am ^'^^ 
of the volumes of the triangular 
prisms. For our figure 
V Bn • h + Bo • h + B^ • h 




^1 " ^2 ^3 
= (B^ + Bg + b'J . h 



= B 



wh^re I 




B-j^, Bg, and B^ are the areas -or the three base triangles ^d B is 
the area of, the pent^on. Th^*formuja V = B • h is klso applicable 
to obllque^pAsms (prisms ^that are npt. right prismsVj. The 
height h is the peypendiQulk^i .jilatapce^b'et^ th^^lanes which 
contain the bases. - * , * • 
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Similarly the volume of any pyramid can expressed as the 
^sum of the volumes of triangular pyramids by decpmposing the base 
into triangular regions and using the vertex of .the pyramid as the* 
vertex af all of the triangular pyramids*^ 

The hexagonal pyramid of our • 
drawing is expressed- as the 
union of four triangular 
,pyraraids. 



r 




We now seek the volume of a triangular pyramid. The volunfe is 
•| (B • h). A "proof" of the formula ^ses what is know^as 
Cavalieri^s^ Tl>eorem and more mathematical apparatus than we choose 
to use here. Rather we shall ^simply \ • 

try to make it SQem reasonable. Con- 
sider lines through V pai:allel to ^ 
and KIV respectively. ' Using V< — 
and pdints U and W on^ these lines, 

!here exists A UVW wh:.ch is congruent 
o A ABC and Is in a pjL^e parallel to 
the pl^e of A ABC. 
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Nowjprism (ABC) (UVW) can be decomposed into 3 triangular, 
pyramids v'- ABC, A'*l UVW and C - AVW. The , base of the last of 
the^e is not a base of the prism. -It seems reasonable and can be 
proved by use of Cavalieri^s Theorem that all three have the same 
volme\ Therefoi^e pyr^id V - ABC has the volume of the prism, 
but the prism has the same base - ABC - and' the same height as 
• pyramid. Hence V^^y^^^^) . 1 (b . h). 

' Retitoiing to the case of a gene gal "p yram id, w o not e that t -he 
altitudes of the triangular pyramids we get are all the same as 
the altitude of the original when we consider *them all to have 
' ^ .bases in the plane of the original ^ase. 

Thus V = ^(B^ . .h) + i(B2 • h) + /. + ^(Bj^ • h) ' 

* ' 1, ' ' ^ * -J , 

= •3(B^ + Bg + ... + Bj^) . h = i(B . h). 

The formula V '-^(B • h) is the formula that '-we were seeking! 

Exercises 10-3 , 

1. Find the**volume of an oblique prism whose b'ase is 'a (2 by 5^ 
•rectangle and whose perpendicular distance between faces is 12 
' 2. Find the volume of a pyramid Jhose altitudi is. 8 and vdiose 

base rs a regular hexagonal region of side! 2". A hexagon , is 
regular if all its sides are congruent and all 'its angles ; 



^ are congruent. 



>ERj.c - ; 
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3. Find the volume of a right prism whose- height is 10 and whose 

base is pentagonal as in the figure.' 
* * ' . » 

s 

4; Find th^ volume of a pyramid whose height is 6, w^ose base l\s 
a parallelogram as in the figure. 



5.' Draw figures illustjrating problems (l.) thf»ough {k). 
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Chapter 11 
^ Cli^cles ^ Cyllnde/rs apd .Cones; 

1 . Terminology J / , 

For the first part this chapter we deal with sets in the 

plane, ^n the final part we shall deal with cylinders and cOnes 

in space. 

Let C ;be a paint and let r be a number. Then the tircle 
with center >>at ' C and radius r is the -^et of all points (of the 
plane) at a distance r from C. 
Let M be any line which con- 
tains C. On J2 there are two 
rays with endpoint at C. • On^ 
each of these there' is exactly- 
one point of the circle, for on 




each there is exactly one point 
at distance r from 'C. Any ^ , 

lln4 through C, thlerefc|?e, ' _ , ' 

contains 'exactly two points of the circle. ' / 

i • ' , * , 

! We usually draw a (representation of' a)' circle by Vse *of a 
compass. - We draw the circle in such a way ths^ it fits our de- 
script ion -pf a simple closed curve* We start drawing and without 
lifting the pencil draw until we return to the point we started 



11,2 



with. Except for fche first point we cover each po^nt only once. 
Thus a \jircle i.s^n example of a simple closed curve. We can, in 
th^N^ase of .a pircle',^ say exac^Tly"^ wbat^iie"^me^^^ its interior and 



by its e:tterior.'' 



[ 



The interior 



the tjircle with center C and radius*^ r is 



the spt of all points at a distance less than' r 'from The* 
exteribr is tl:\e set of all points at a distance. gV^ater than r 
from C. 4 ' . / 

A bircle is a curve. It is not the curve togetj^ier with its 
interior. A circle has a center (exactly*one tentei*, in fact) , 
and a radius. Th6 center is a point but the radius (as we 'have^ 
used it) is a number (or length in some contexts^*. Sometimes, 
the term radius is also 'used to denote a segment having one end- 
point at the** center o/ the ciiJcle and having the other endpaint on 
the circ^'le. In traditional terminology the term" "radius" is used 
in both these senses. Little confusion* results f {?om >this ^ it is 
usually clear which sense^^lrs-s^ae^nt. We,' top, shall use .the term, 
radius with both meanings. 




^ Lit us ngw prove that.A clrcJJe cannot have tw^q- certters. 
Suppose Ci and C2 were distinct points ar^d were ;Voth " centers 

of ^the circle. The line ^TJU^must intersect the c^^c):^ ^^n _ 



points. Call them P and Q as in the figure with ^ Ci'ijj^'; ^^tween 



Q and as in the figure. 



two 



- ■■V,". 



J' 
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Now QCj^ = C^P as 
of the circle, and QC^ 
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Is a. center 



Cg is a filter of 
^^lso^QC^</QP2 • 

T^/ Thus we (have C P = 
% 1 



circle. 



as 



QC 




QC^ : C^P 

Therefore, Cj^P '< C^P but, from the order of the points on the . 
line, C^? > CgP. We have a contradiction. Hence a circle can 
have at most one center. 

, ^ Let us consider .another basic property of circles. Let 
pf^'lDe ^ circle. If A Is in the interior of Dj^ and' B""'rslLn"' 
the. exterior then is exactly one point. We do not 

prove t^his property. 'However^ let us note that it agrees with our 
earlier observations about the interior and exterior of any, simple 
Closed curye. The segment AB 'is a polygonal path from A to B 
and hence must, intersect the simple closed curve ♦ 



<^ — - 




[ 'a 

— V • 









A ta 



t to a circle is a line that intersects the circle in 



exactly one pol^t. It follows from our oljservation above about 
rays that a. tangent io a circJe canno|: contain a point of"^he . 



ir^rior of the c 



nt tc 
ire ie 
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We state* one of the standard fundamental properties about 
circles and tangents, . " ^ 

Property 1: If D is_ a clrc le with center C and IS 
tangent to D at point X, then ^ is perpendicular to XC. 



Proof: There Is a llne^ through C • perpendicular J:o AB. 



Let Y be the Intersection oT 
^AB*^ and this line. SuppoiSe T " 
^Is. not X.^ Now /CYX Is a 
right angle. The sum of the 
measures of the angles' of 
A CXY Is equal to l80^ There- 
^ fore m(/CXY) < 90. Hence 
— m(^^X¥)-<- m(/CYX). The side ^ 

opposite the j.arger angle Is longer than that opposite 'the smaller 
angle." Therefore CX > CY and hence Y must^be In the Interior 
of D fdr CX IS the radius. But, as we have observed, a 
tange'nt'to a circle cannot contain a point in the interior, of the 
circle. Therefore our assumption that Y is not X is false. 
• Y must be X, "^CY^ is "^CxT , and thus, "^CX^ is perpendicular to AB. 




Exercises 11-1 



V 



1. Prove that a line cannot Intersect a circle -in a set consist- ia*. 
Ing of thr6e or more points. 
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A <?hord of a circle Is a segmenf v^ose endpolnts are points of 

''the/circle. Consider a chord tfhat does, n»t contain the center 

the circle. Prove that the line cdntaining'' th^ midpoint of 

the chord and the cetiter of the circle is j^erpendicular to ,the 

chord. ' ^ . ' /• ^ 

3'. Prove that if D and E .are distinct circles then -DflE V 

jt * 

cannot be-'a set consisting of three or more points. 



2» Arc Meagure and Length . 
^ Consider a circ!}.e ^wi'th 

center C. €^ be a 

• ray.. For convenience we , 
; thi^\i of ^CA^ as horizontal 
with* A to the right of ^C. 
. - Let E be *a point of CA , 



Let B be a 



not *on CA • 



point not; on CA. Po^ con- 
venience let us take B 
above the line ^CA^ Now in 
Ichapter^'^ we saw that .the' 




family of alL r lys with eridpoint at" C and contain 



i 



.points on 



the B-si^e of ^pT could be coordinatized using numbj 
to 180. ^We ca 

points on the "nonrB- side of ^Ck^ we cheese tQ coordinatize them 



7 
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adding l80 to. their degree coordinates which one would get 
by starting with CE^ as the reference (or zero) ray. The^ray C]^, 
is considered as ^having two alternative coordinates— 0 or 360* 
The ray CE*^ is 'the l80 (degree) ray. 

This coordinatization of the family of all "rays v)ith ehdpoint 
^ at C induces a coordinatizat^ion of the"" set pf points of the 
circle. Each point of the*circle is identified with the 
coordinate of the ray c9ntalning i^. 

Suppose P and Q are any 
two points of a^cii^cle. The set 
{p/q}- separates the circle into 
two sets. iBhe union of either of 
these ahd {?, q} is called an 
arc of *the circle. The symbol 
is used to denote the a^c 
which contains X and has end- 
points' P and Q. Note that 
PXQU'm is the circle of; the 
figure above. ' * ^ ^ 

We can now define what we mean by the degree measure of an 
arc. We may consider the circle to be coordinatJL2^e^as aboye. 
Case I: ,If PYQ does not contain the point with zero 
t coordinate then the degree measure of PYQ -is 

tfl^Q.. positive difference in the coordinates of 

fit ^ ^ 

, P and Q. 
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Case II: If PYQ does contain the point with zero 
coordinate and nelt^her P nor Q is such 
point then- the ^degree measure of ^YQ is 
V 360. minus the positive difference in the 
coordinates 'of^, P aCnd Q. . * 

' Case III:^ If P or Q is the poln^ with zero co- . 

ordinate and the arc PYQ doe's not contain 
f other points with coordinates close to 36O 
" , then the degree measure 'of PYQ is the 

^ ^ positive difference in the coordinates, of \ 
P and Q With zero as th^ coordinate of 
• ^ P Q,. ^ 

Case IV:, If P' or is the point witU zero co- 
ordinate amd the arc "^YQ does not contain 
other points with coordinates close to zero 
, then the degree measure of PYQ is the ^.^.i 

positive , difference in the coor^dinates of 
P and Q with 360 as the coordinate of- 
P or q;* 

The degree measure of an arc is not the "length" of the arc. 



Rather it .is the measure of the amount of "turning" of the arc^ 
The closer the arc is to a whole circle, the closer the d^gree^ 
measure is to 36O. * 
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• An arc of a circle with degre*e measure less than- l80 
determines an angle whpse' vertex is the cente,r of tahe circle and ' 
whose rays contain the endppints of the arc* We call such angle 
a central angle , <iThe measure of the central. angle is the degree 
measure .of the arc determining itJ For^ some purposes, it 
convenient to think of an^^^c of. a circle as determining a 
"central angle" whose measure is the degree measures of the arc. 
This allows "central -anglds" to have degree ^measures anywhere from 
0 to 360, ' J \ ' 

^ Length , Intuitively we know that a cl^rple must have length* 
We can Wrap a string abound a circular object and then measure it. 
We* can mark a -paUit on a bicycle wheel tire at contact with the 
ground and note the length of the path made, by rolling the wheel 
until the marked point returns 'to (Contact with the -ground. ^ 
Experimentally, the answer comes^'out tfi be somewhat more ^han 6 ^ 
times the radius (i^p., STrrJ. Sometimes "the length of a circle 
is. called its circumference. 

• No^w, mathematically, if we 
want to measure the length of a 
circle we can think about doing 
it in the following way.^ Start- • 
ing from a point* P on the c^Lrcle 
*lay off the radius in straight 
line segments '^ix .times. Then the 




195 



11.9 . 

■\ . 

central angle subtended (determined) by, each chord Is a 6o degree 
angle for we have equilateral triangles formed. y^Hence we would - 
have inscribed a hexagon In tiie, circle. The hexagon Is called 
regular in that all of its sides are congruent and all bf.its^ 
angles are congruent. It seems clear then that the length of the 
circle is fereater than six times the radius. But the number 6r 
can be considered as an approximation to^he length of the. 
circle. Now we can bisect each of the 6 central angles (by find- 
ing the jnidpoints of the chords if we wish) and determine 6 mor^ 
points on the circle. Using the original 6 and the 6 additional 
ones we could construct a regulat* 12 -sided polygon. Its length 
(perimeter) couldJDe computed ^or .measured) and we should have a 
better. approximation for the length of the circle. The process 
can be continued to produce a regular 24-sided .polygon, then a^ 
regular 48-sided one, etb. At each stage the length of the 
polygon is less than that of the circle but close to it. The' 
length of .the circle is the, least numbert which exceeds the 
lengths of all the. inscribed polygons so obtained. The ratio of 
this least number to 2r (twice the radius) is called TT. .Thus the 
lengtl^ of the circle is 27rr. It can be^ established' that 

7r=3. 141592 As ,we Ijave been led to expect, 2 TTis ^ 

^ 'sa I ' ' 

somewhat more than 6. 
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The number, TT , exists In the nature, of things. Nobody has 
any contrql over its value. We can think of TT as being bracketed 
between successive whole numbers, then tenths, then hundredths, 
etc. Thus 

3 < TT < 4 
3.1 < TT < 3.2' 
3.14 < TT < 3.15 
3.141 < 7T < 3.142 
etc." * 

It €urns olit that /tJie decimal expansion for TT Is not a repeatir 

" * / * ' * . / 

decimal expansionl i.e., JT not, a rational number. Som^tim^s ^ 

/ 22 ' ^ 

the rational numtier — is used a^ an approximation for Tt * 

However, ^ is/not Jt , it is simply close to TT . We mig 
7 

write TT « — /. Computations of.TT to over 10,000 decinial place 

. . i ■ • ' - ^- ' 

have been .made in recent years". 

If a circlfe has length, then-arcs of the circle sh/ould* also 

0 have length, ijhe degree measure^of an arc is a certain number 
l)etween 0 and ^60. In a sense, 360 is the degree me^isure of a 
circle. Because congruent ares should have equal lengths 
became two arcs of .the same degree ^measure and on/th^^^^me circle 

* are congruent, we can say that 
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In other words 



length (arc) ^ ^efir-ee measure (arc) . g^rr. 
Thus, for..example, the lengtl^.^f a seml-c4.rcle *ls ^ 




27rv or TT r^' as our 



intuition jbells^us ^it ought to Ixe.v. 



importan;b questions cc)me up witJh respect to how to use TT in 
computational The question, '^hat is the* length of a circle of 
radius 10?'^^has an answer which can be written in the fOrm^^S^^^TT. 
Clearly 20 TTis a perfectly good number. It is the p'roduct 20 
times TT/ Mmerically it is between 62 and 63. A decimal approki 

matiQji of '20 jTaccurate to 2;^eciinal ^places Is 62.83. We have 

/ * * . * " t 

already learned in Chapter Y that in practical problems, if the 

•«/',• * ' • 

• raSius/of a cj^cle is g^iven as JLO, then our convention calls f or - 
/ . . * ' 

^n^assfump^on of precisioia^either to the nearest 10 units or to 

^ the nearest unit. ^Thus in a practical problem, any answer for t^he 

lengtp of the crircle which carries more than two significant • * . 

digits is really essentially unjustified. We should write the 

answer as 63 ov' leave it in the form 20/^.. 

In th^ forfaula, circumference - 27rv the number 2 is regarded 

as c^mpl/tely/accurate, TT a^ completely accurate, 'and , r as 



i. 

0 



being as accurate as we choose to give it. The number of 
, significant -digits we use f or Tf should not appreciably exceed 
the number of digits to which r ^ is assumed^ accurate, 

— If- the re -TW^ a I^^J^^ta get' students to use several^ Qecimal 
places of '^r for eomp\>^^m practice, tjhen* specif i^c instructions 
. ta this effect <Xafe 4|i^iVen . ^ But in a ^practical problem accuracy, 
of an answe$^ should ^ not^bei stated or implied beyond that Justified 
by the measurements concerned . To do the contrary. is to give a 
wrong answer, an answejr which is-def initely^deceiving, an answer 
which assef»ts precisioji which is simply not there. 



* * * Exercise's 11-2 r ^ ^ 

22 

I,* Write out tXie first four places of* the decimal expansion oil -rr. 

Compare with the value of TV given in the t^t. Thus, shQw ' 
, .^that j^^ * V 

^ 2, Draw two arcs whose degree measures are each SO'^ut.sUch ttiat • 

one is twice the length of the other. What can you say about 

■ ^ \ " ^ 

tlie radii df the circles which contain these *^rcs? 

' \ ■ ^ ' . -A . 

Using' the result of Exercise 3 of Section *1, explain why an 
" ^arc can bei & subs.et of otily one qircle. * In other y^^rds, if 



an arc is' determined, the circle which contains the aw isV 
determined. 

4. Give examples and draw figure's^ iM-^^&ti^ating-Ga^e^-I^^ JI, III, 



and /V for an arc* of degree" measure 60. 
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Find the' length of an arc of degree measure 120. 1'f the circle 
containing -the arc has -radius 81 

In fining the' circumference of a' circle whose, radius is 
measured'as indicated, what approximation should you- use for 
Tf and to how many significant digits should you express the 
answer? (There may be questi^jns of- judgment in some cases.) 

(a) r = 8.,; ' ^ . • ; ' " - 

(b) 'f = 8.0. ■ 
icf r '= Q-^ik. ^ , 

(.d) t = 8.0^1. j ' ■ * • 



(e) 



8. 02X4. f 



From the fomula /Leftgth = 27rr it is possible to find either - , 

- I:.y' ' ' '• - 

the, length, or- tJ^' • radius if the other'^is known. Also as the 

•^'Idiameter " d |ls tw^-ce the 'radius, .knowledge . of the diameter 

or radius y^Lglds knov^edge.. of the other. , Find the other two 

' of ^ , 3r, iiijid if 

•;(a) J i 20. 

(b) r • ; ♦ 

(c.) d4{/2/ 
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3. Area of 'a Circular Region. ' ' ' 

Consider a circle with ,center C and radius ' r. The circle 
is a simple clos^d curve. Let M 
be the closed region bounded by 
the circle. ' In Chapter 6 we have 
stateS that with respect to a 
given unit (square) region there 
^is a number which represents the 

area of I M. For simplicity, we 
* sometlmas talk about thq area of a 
circle am mean the *area of the closed* 
region bounded by the circle. 

Ourlproblem is to get an expression or formula for the area 
of M. ^e might note as a firs.t approximation, that the area is 
/ clearly less than,4r^, for M is contained in a" square region of 

area 4r^. We would^guessj probably, that the .area would 'be, 
^ related to the 'number TT as introduced in the previous section. 
To develop the formula for the area of M we use something of a 
trick. We think of expressing M 
as the union of noA-overlapping 
sectors all ^congruent to each 
other. Let us suppose that we^ 
have k of th^ and .that k 
' is an even number. 'We qall them 
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» * ' • 

By Prope]?ti*es V and VI of Chapter 6 the area of each S, is 

^ f J- , ' 

^ • ^ (Area M). Now the area of the circular region M is clearly 

the area of the region represented below. » 





This region is bbunded by a simple .closed curve. It is somewhat » 
like a rectangle or a parallelogram. However, the top and- bo;btom 
are not segments but unions of arcs of circles.. If k is a large 
even number then the region is very much like a rectangular' region. 
The area of the region ?which is almost rectangular should be 
approximately the height ^imes the length of the base. For large 
kj the height is almost r and the length of the *^ase" is 1/2 
the length of the circle. Therefore the area shG(uld be approxi- 
mately as Indicated below:* 

'Area « r • i(2Tl»)=.7rr2. 

For very large * k, the fcfrmula is very close to^ being correct as 
the figure is almost a rectangular, region. Hence we seem justi- . 
fied in concluding that Area(M) = 7rr^ since the area of is , 
the area of each of these odd shaped regions we have been consider- 



202 



ERIC 



Areas and Volumes of Cylinders and Cones > A qylinder, a cone, 
^nd a sphere are geometric objects in space whose descriptions 
either depend on or are like that of a circle. We shall Investi- 
, gate the sphere In Chapter 13. Here we consider the cylinder and 
the cone and wfe restrict ourselves to right circular cylinders -< 
and right circular cone*'. The definitions given here are for 
^^^^ ^^^plicatlon to raensurdtioi} formulas .^"^omewhat different definitions 
^5i?;^y be given In other contexts. * _ ' . 

'^^^ Consider two parallel planes which we shall regard as 

horizontal. Let and be circles in the lo^jf r plane as In 
the fi^we.^^Let D]_' be a circle. In th'e upjfer plane with ' 
direetS^y abt)ye D (and congruent to It). Let P be a point In 

'tie? 

th,e upper rilane directly above the center of Do . - ^ 



* 

The cylinder with bases D-j^ and Dj^ ' (or^inore precisely the 



closed regions bounded fey and^Dn 0 is the unioi^ of all 
vertical segments each of which has one endpoint in^ p\ and:!%l^ . 
.other In Dn • ' 

*- The cone" with base D2 'and vertex P is the union -^f all 
segments each of which has one endpoJ.nt P '^nd the o4her in D^. 
From some points o.f view it i^s convenient to regard the 

It 

"cylinder" and the "cone" as containing the- circular regions which 
are bases -pf these sets. With the bases Included, then the 
regions bounded by the "cone" and the "cylinder" hav^ volume. 

A cylinder and a cone each has area called its lateral 
surface area. The sum of this area and the area of its^ bases" 
(or base) is caT^d the total surface area of the cylinder (or 
cbne). There are very close analogies between a "cylinder" and a 
^rism and between a "cone" and a pyramid. In fact, the cylinder 
tod the cone can be regarded as "limiting casefi" of a prism and a 
pyramid respectively by regarding the base cll?cles as "limiting 
cases" of iregular polygons as in Section 2.^ Thus it is ^reasonable 
'to conclude that the^ formulas for voliyne, lateral surface area, 
and total surface area are like those 'for prisms and pyramids. 
We consider h ••^he distance between'^he base planes, r the 
radius of tne base^ circle, ajid >P the length of a Segment from P 
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Volume (cylinder) = h(rr2) = TT'lrSh • • 
Area (lateral, surface of cylinder) = h(2irr)~= 27rrh 
Area (total surface of ^cylinder) = ^Trrh -h 2wr2 

- ft . I 

; Volume (cone) = lh(77r2)=I TTrSh 

Area, (laterai,surface of cone) = , H2Tcr) A TC v J ' j 

^, ; Area (total surface of cone7 = /f r/ -t- /f r^^*^ 

It is not important to remember these foiroulas as such. It. 

is important to be'abl^ to think of tHe geometry of the " situai:ion 

and thus to recognize what the formulas must be. 

I • ■ . ' • . ; • ■ " 

, • Exercises 
,1.^ Explain Why the figure of the first part ofthis sectio'n. would 

be like a trapezoid if ^k were odd.' ' 
2.- In terms of the p^rpperties of Section 4 of Chapter 6, explain 
V|8^he a^a of f^NJ^l^the area of the odd-shaped figure used. 
The label on an ordinary tin' can rep^resents a cylinder (the 
way we have defined' it). The label may be laid flat and forms 
a rectangular region. The area of; the label is the lateral" « 
surface area of the, cylindtS" Explain the formula from this 
point of' «iew. , " ' . - 



3. 



1 

i 
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s 

An ordinary conical drlnkXrig cup represents a cone (the way we 
have defined it). Jf. the cup is slit to the yertVx, the' paper 
niay^be' laid flat forming a circular 
region with a sector removed. The 
area of the paper is the lateral ^. 
surface of the corxe\ Explain the 
formula'for lateral -surface area 
from this point of view. 

Compare the geometric points-of -view for area and volume of 
"(a) a prism^ ^and (b) a cylinder^ ^ ^ 

Compare "the geometric points~^-of -view for area and^ volume of 
(a) a pyramid, and -(b) a cone. • 

Find volume, lateral surface area and total surface area of a 
/^cylinder" op* height 8" and circumference of the base iSTT. 

^urface area and total surface area of a 
,"cone" of heigJtt 8" and radius of .the base 6". (The "slant •* 
height Q^n be^ found by use*^ the Pythagorean Theorem. ) 
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-Chapter 12 
' Th^ Coordinate Plane and Graphs -2c;,L 



^* Coordinate Line and the Coordinate Plane. 

In Chapter -6 we have* observed that a ray may be coordlnatlzed 

with any segment as a unlt.^ This coordlnatlzatlon of the' ray 

gives a one-to-one cor^spondencd between the set of posltlvV^ffeal 

iiurobers and zero and the 'set of points of the ray. We correspond 

Ik 

zero to the end point of the ray^ . * ^ 

P . Q . f R 



6 f I ^ ; 2 . Trf - 4 \5 




The, corresppndence preserves order In the following sense. If 
'P, Q and R are aAy three points of the ray with Q between P and R 
then the number corresponding to Q Is between the numbers corre- 
spending to P smd R* The correspondence also preserves distance 
In the following sense. If *PQ = RS, t^hen, of course, PQ =s RS and 
further, PQ (the length of Tq)1s the absolute value of the differ- 
'ence between the coordinates gf 'P and In the figure, PQ is 
approximately .9.. A similar statement -^is true abqut RS.. To ' 
coordlnatize the whole l^ne we coordinatl^e a ray bX of thfe line 
with ^0. Let »C denote a 'point* of aS but not of bX. Then we 

"^"ordlHaf^fe^^Bj with the saine' unit segment. ^ 

' ' ' . >' 

Now if we think of assigning 'negative values to the polpts- 

of Instead of the corresponding po«l$ive values we have the 

usual^ coordlnatlzatlon of the line. In this coordlnatlzatlon 
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order and "distance" are preserved as in the case of the ray. We 

customarily think of coordinatizin& a horizontal line with the 

points with positive coordinates being to the right of the zero 

point. N9W by thinking of the line we 

, B ^ A 

H » 1 » 1 1 . 

-3-2-1 0 ! . 2 3/4 

can easily tell what we mean by the , statement a < b. We say a 
is less than b or (a < b) if the point whose coordinate is a - . 
is to the left of the point whose coordinate is b. For example, 

> ' • -2 < 16 

-2 < 1 \ ' , 

-2 < -1 ■ 

-5 < -2 . % 

We also say that b is greater than a or (b > a) if the poinlf 
corresponding to . b is to the right of the point corresponding 
'to a. We use the symbol to mean "greater* than or pqual to/' 
, Note that c > d means geometrically that ;the point whose co- - ' 
ordinate is c is not to the left of the /point' whose coordinate^' 

is d. \ ^ ' ; 

Having in min'3'She principles of cdordinatizatfon of the line 
we can now easily coordinatize the plan6. Think of two perpendi- 
cular lines# Consider one as horizontal. /We call the point of 
intersection of the two lines the origin and label it by 0 /oh). 



r 
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Y ' 
+3 

2 • . ; ■■ .- - 
I ^ 

— 1 • 1 h- — 1 1— ^— ( — 

-3-2-1 0 I 2 3 X 

-I 

f-2 . - ' •' , 

-3 ' ' 

Coordlpatize the horizontal line with positive coordinate^ to the 

right and the vertipal line with positive coordinates upward. We 

customarily use the same Xmit for both lines. We call the*two 

coordinate lines the axe^, calling the horizontal one* the x- axis 

and tfie verti<ial one the y-axis. We may label the aices with our 

scale and put the letters, x and y as indicated to the^right and up 

,Now to coordinatize the piane we think of ordered (or sensed) 

pairs of numbers. The "cindered" means that in general (a,b).is 

not the. same as (b,a). Each ordered pair (a,b) is to correspond 

to one point af the plane an'd each point to one ordered gair of 

numbers. We set up the one-to-one correspondence as follows. 

Y ' 



n 



f2 
I 



/-3 -2 -I 



I 
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0 I 2 3 X > ' 

-I X- COORDINATE OF P IS 2-| 

I 
5 



-2 BT Y- COORDINATE OF P IS I 
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For point P of the plane, the coordinate on the x-axis of the 

foot of the perpendicular from P to the x-axis is called the 

x-ooordinate of P. Similarly the coordinate on the y-axis of the 

foot of the perpendicjular from P to the y'-axis is called the 

y-coordinate of the point P. We write the x-coordinate as the 

first niimber of the ordered pair, the y-coordinate as the second. 

Note that, the y-cocrdinate of any point on the x-axis is zero. 

What is the ^-coordinate of any point on the y-axis? , The ' 

coordinatization process we 'have described clearj.y gives us a 

one-to-one correspcjndence of the. type we seek. Given the axes, 

is a unique ordered pair of real numbers, and 

r^of real numbers there is a unique point. In 

the exercises we develop this aspect further. 

The union of the axes separates the plane into k sets of 

points. Any or^e these, together with its boundary, is called 
I / 

a quadrant. W6 designate the upper right hand quadrant as the 
first quadrant/,^ the upper left as the second, the lower left as 

the third and | the lower right as the fourth. 

i 

Having tjie concept of a coordinate plane we now can st^ite 
exactly what is meant by saying that any figure in the plane c 



for any point there 
for any ordered pal 



:>Jt 



be freely moved without changing its size or shape. ^ 
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Let H be a- certain set of points, 
closed region bounded by the simple 
closed curve. 



In the figure H i^v-the 




Suppose we are given any point P and any two points ft^ and such 
that PQ^ = PQg = 1 and such that PQ^ :|.s perpendicular to 
Then coordinate axes exist with P as i;he origin, the point (l,0) 
and the point (d,l). (We do not have further control over 



positive directions.)' 




e label the axes as the x**^ 
and y* axes (the x-prime 
ajid y-prime axes). 



* Now let H' be the set of all points whol^e coordinates with respect 
to the x« and y« axes are the coordinates of a point H with 
^;?respect to the x and' y coordinate axes. \ For example, the point 
(2,1) (with respect to x and y) is a point Vf The ,p5iTTt (2,1) 
(with respect to x« and y») is required to. be. point of H». It^ 
will be Xv\xe that H» is congruent to H. we have^"freely moyed" H 
to because we have been able to chooee \ the "point P ;^d the 
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points* Qj^ and Qu freely subject only t'o the restriction that 
PQ-j_ a PQg 1 arid PQj^ is perpendicular to PQg. Note that* because 
PQ^ = PQg = 1, w6 are saying' that the unit distance in the 
x'y'T'Plane is' the\ same as tlie unit distance in the xy-plane. 

• * ' \ ' ' ^ * ' ' ' 

Thus distances' wil\I- "be preserved. 

[•■■ - ■ - 

\ . Exercises l2-l 

► • *■ 

1. Draw a pair of p^pen'dicular^ lines* ^ Call the intersection 
the point 0 and 1^ off common ' scales on the two axes. . ^ 
Plot the points whpse coordinates are (-2',3), {^,t), (^,0), 
(0,-3) and (-Tr,-7r). ^t^^ould be clear fromj;^ plo'tting 
process that a unique poinh is determjjietfby ^y particular 





2 
f I 



0 I 



ordered pair of numbers 

2. In the figure to the riiht 
what are the cooxr^dinate^Top- 
P, Q, R, S, and T? What 
are the coordinates of 0.? 
(We will have to estimate 
coordinates that are not 
clearly Vfhole numbers). 

3. (a) The IV quadrant is the set of all 5)oints (a,b) for 

which a > 0 and b ? 0. - 



(^) Make similar stat'e^epts about the I, II, and, III 
quadrants. * ^ 
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4.^ (a) VHiat is the set of all polr3ts with x-coordinate negative? ' ^ 
^h) vniat is the s6t of all points with y-coordinite greater * 
'than or equal tp zero? * ^ ; ' 



5. (a) What is the set all" points with x-coordinate equal 
to 0? 



(b) What is the set of all points with x and y-coordinates 



both zero?^ 



(q) Wha,t is the set of all points with at least one coordi- 
* nate zerg? . ^ 



2. Graphs of Algebraic Statements or Sentences . 
Consider any statement about a numb'er x and a number y. • ♦ 
Examples of such statements are x + y = 10,, x > y, x = 2 
(this qualifi-es as such a statement be^cause it says that x is 2 ^ 
and specifically does not restrict y)^ y > -1, y = 3 + 2x and 
y = x^. Frequently, bu% not always, the statement is an equation 
or an inequality. We call such a statement an algebrai-c statement 
^out X and'^y. '^^ Y^^ ' 

* "* ^ ^ * * 

Definition: The graph, of aii algebraic statement .about x and 

y Is the set of all points -(in the plane ) whose - coordinates make^ 
th^ statejnent true ( satisfy the statement); ' ♦ . . • * - 

^^^^x- J?5iS is.a^very important definition. It Is the key relation^' * 
ship between algebra and geometry (between algebraic statements 
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or sentences and sets points) « The^JTormulatiqn and cultivation 
of the point of view leading to .this relationship between algebra 
and geometry is credited to the French philosopher and matheraa- 
tician, Rene Descartes. It i^ probably one of t>ie most signifiT 
cant scientific contributions ever made. Today still speak of * 
rectangular coordinates (as in Section l) as Cartesian coordinates 

There are Jch^ee main types of problems about graphs. 

(l) Given an algebraic statement what can be said about 
;its grapl}? 

^- .(2)^ Given an algebraic statement, draw its graph, 

(3X Given a set of points, what is an algebraic statement 

• oi^.,*whi^ii^t'Ts the"gt-aph? '"'^^ ' . . " . ' 
We can give answers to these questions in many simple cases. 
In answej^ii^g the .question as to what can be s^id about -the 
'graph of an algebraic, statement we desire an answer in set 
langliage; i.e.-, a description of a set of points.. In (2) we ' 
desire afi actual picture or drawing of the graph where possible. 

Note tha't there are tw"o''considerations in"' deciding whether ,a 
particular set M of points is the graph of an alft^ErM^xstatement. 
(a) Do the coordir^tes of every pQint in the yyL M' Ii^ke the 
algebraic statement true? I 
^ ' (b) Is ev§37y point whose^coordinates make the algebraic * " 
' . statement true in the "particular set M pf points? 
Let us consider a few elementary examples. 
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'(1) X > 0. The graph is, by definition, the set of all 
points for which x is positive. This Will be the set of all 
points to the right of the y-axis. 

(a)^ Any point to the right of tlje y-axis has the 
property that its x-coordinate Ls positive* 
' . (b) Any point whose x-coordinate is positive must- 
- be to thp right of the y-axis. 




. (2) y = 2. The graph' is, by definition, the' set of all' 
points for which y ='2. ' ^ • 

The graph is the line two units above the x-axis. Let' 
us see why. 

(a) Eve^y point of that line- 
has the pijoperty ^hat y = 2. 

(b) Every point whose y-coordrnate 

^ i \ 

i's 2 (which makes y = 2 ^ true 

^ statement) is on that. line. 

" (3) X < 0 aiid y. = 0. The graph. of this statement is', by 
def in^feion, the set of all points for which x is negative aftd y 
is zero. Let .us see what the graph must be. . 



Y 


2 











0 


■ -X 



\ 
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The setf of points for^^whlch x is less th^ zero is the set 
of all points, to the left of the y-axis. Call this set H. The 
set. of points for, which y = 0 is the x-axis. Call this set K. 
Th6 graph we seek is the set "of all points v;hich' are in H and 
are also in K; i.e., the set of points of Hfl K. This set is 
clearly the set of points of the x-axis whi^ch are to the left of, 
the y-axis. Thus we have described the graph for 

(a) Every point in this set (HflK) has coordinates 
satisfying the' algebraic statement and 

(b) Every point whose coordinates satisfy the statement' 
is in thi^ set (HOK). 

Y ^ ' ' 



(4) X = a, for a amy particular real number. Examples 

.ar^^ =1, X ^ -IT, X =3 6 - \/2, etc. 

Any point P whose coordinates make the abatement x = a 
,r - * , 

tr*ue is a point whose coordinates are of the forirt (a,y). 
Graphically, it Is a point whose projection on the x-axis is the 
point of' the axis whose- x-coordinate is a. Therefore the graph 
I we,seeic is the set of all points on the line perpendicular to 
. the X-axis, and "a"^ units away frofi the y-axis. If a > 0, the, line 
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is to^the right of the y-axls. If a < 0, it is to the left^of 
the y-axis* ^f a = 0, it is^ the y-sixis. 

(5) y = b for b any particular real number. 
Prom reasoning like that above, the graph must be a horizontal 
line, b units from the x-axis, aboy^ on, or below as* b is 
positive, zero, or negative respectively. 









% 




0 1' X 
Y«-2 




tj; 



Exercises 12-2 , 
Graph the following algebraic statements: 

1. - X > 1 

2. y = X ^ ' • 

3. X = -1 and y = 2 ^ ■ \ 

4. X = -1 or y = 2 

5. X > 0 

6. y < 2 and x > 0 

7. X . y = 0 ^ 

8. X . 'yVo ^ 
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Give algebraic statements* of which the following -^re 
descriptJ.ons of their gra^Rhs. * i 

9.* Th^'set of points to tjtie'^ieft of the ,y-axis. 

10. The set 'Of, points giot in the union of the II, III, and IV^^ 
. quadrantTS.' . » * 

11. The origin.' 

, ■ \ ______ ■ . ^ 

3. Graphing Techniques . 

The traditional elementary way to feraph an algebraic st^te-* 
ment which is an equation has been to "plot points". .Consider the 
equation y' = 1 + x^, for instance. We would ^piie a table as - 



A follows; 



X 

1 
2 



y 
t: 

2 

5 



Vnien X = 0 then y ^ 1. + 0 = 1 

w^en X = 1 then y = 'l + 1^ = 2 
V 




. when X = 2 then 'y = 1 + 2"^ = 5 

y 

€i etc. , ^ V 

Theri^e would graph t^he points (0ilUl,2) ^d (2,5) and possibly 
some, others' and "guess", at what other points might be on the 
graph. . in easy examples (lil^e the 'above) we were usually right. 
•But certainly- the "point plotting" method leaves much to be de- 
sired. It dCes not answer our fundamental questions (a) and <b) 
of the preceding section about the gra*ph. 
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Consider the^e/^uatl^jn ,xyv = 6. 
Let us plot points. For x = O;^ ^i^^tloesnH work 
jr for X = 1, y = 6 

for X =• 2," 2y= 6 
y=3 

- etc. 



X 

r 

2 
3 
6 
-2 



b 
3 
2 
1 
-3 



0 I ^ ' 



. X 



We plot the five points whose coordinates .are glven'ttbove. NbW 
how do we draw the graph? It Is not easy or obvious simply from 
these considerations. ^ 

So let us star^ oVer again and try-«^to collect information ^ 
which will let us be reasonably sure that what we will draw will 
look like the graph ought to look. We seek answers to some or all 
of the following (Questions. ^ The answers themsel-ves are not im- 
portant. It^iS' the use to' which we put thQ answers that is 
important. In a given problem, we answer the "easy" questions 
first and see if we then have, enough information to help us 
graph "Che equation. 

^1)' Is the .equation (or statement) o^ a type'for which we 
already know what the' graph must be? If so, graph it and use the 
other" qu'estiohs only as a check. * For instance, if the equation 
is X = 3 we kpow what the graph must be. It Is the vertical line 
3 units , to th,e right of the y-axis. 
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(2) For what values^qf x Is there a corresponding value of 
y? (What is the set of all numbers, "a" for which the graph con- 
tains a ^dint wiith"^ first""coor^ - . ^ 



/ 

Consider y/= 3 + 2x 
In this equatio^>> it is clear that 
for any value of x there will be a 
corresponding value of y. We can 
see this .by Just looking at the 
equation. Think of substituting 
a number for x; then y is 3 plus 
twice that number. 



Consider xy = 6 • . 

In this equation, it^ is 
clear thai^ if x = 0 then 
, .there is no cprresponding 
valu^ of y. If X 0 then 
there is a corresponding' 
value .of' y (for yre cai^'then 



soly? for y). 

What do these observations mean graphically? They mean that' for 
any ^lue of x for which there Is at least one corresponding 
value of y, there will t'e at least one point of the graph on the 
vertical line determined by that value of x. .By the same token, 
< if the3?e is no corresponding value of y for a particular value 
oT X, then the graph can not contain any point on such vertical 
line., . ^ ^ 



V 



Consider y = 3 + 2x. 
Ttee graph contains^t least one 
point on each vertical line. 



Conaldel:* xy = 6 
The graph contains oo, point 
on the y-axls (the line 
X = 0).- The gr^ph contains 
at least one point' ojfi each 
other vertical line./ 
(2 0 The same as (2), but with, the roles of x and y/re- 



versed. 
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(3) Por a given value of x, how many qorresgondjlng values 
of y are there? 

«• In both of our examples, there was never more than one 
corresponding value of y for any value of x,. Graphically, this 

means, for our examples, that neither graph contains two points 

/ '22 
vertical line, (An equation like y * x + 1 would have 



t 



two points on each vertical line. For x = 0, for instance, y ' 
could be 'either +1 or -I,) 

(3') The same as (3) but with .the roles of x and y reversed. 

(4) For what values of x is y > 0? is y < 0? For what 
values of y is X > 0? is x < 0? 



Consider y = 3 + 2x. 
y > 0 whenever 3 + 2x > 0 ^ 
or 2x > -3 
or X > - 4 



2* 



y < 0 whenever x < - 



This means that the graph Is 
above the x-axis for x > - 

and is below the x-axis for 



Consider xy = 6 , 

y. > 0 whenever x > 0* 

y < b whenever x < 0. 

This means that the graph is 

co^|ained in quadrants I and 

III* 
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i 

(5) If relevant, how large is y if x is a large number? 
Iftjv large Isxl^fyisa large number? 



•. Consider y = 3 + 2x» 
If X is large, y is large, it is 
3 plus twice X. 
If y is large, x must also be 
large (about half as large as 

y)- ' ' 



Consider xy = 6. 

If *x is large, y must be ^all, 

in Tact, close to zero. . - 

If y is large, x must be close 

to zero. For instance, if 

X = 100, ^' = 



Having collected information in answering some or all. of/ 
these questions, we then have the problem of actually graphing 
the equation consistent with what we have learned ^ 

Finally in actually doing the graphing, we usually do plot 
some points. Then we draw the grapy. through these points on the 
basis of the oth^r information We h^ve gathered. Having drawn the 
graph, we should^then check to see .that it conforms to 'our in- 
formation. ' - : ^ . 



1, 

2% 

3\ 

5. 
6. 



Exercises 12-3 
Using the ^discussion in the text, graph y = 3 + 2x. 
Using the discussion in ^he text, g3;^aph xy = 6. 

Discuss (with respect t'o our 5 questions) and graph, 

y = ; + x^ " ' ' ' 

y = 2- - '*■ ' 

xy = -12 
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4. Linear Equations, 



We have already noted in "Section 2, that ah equation like 
X 'a (or y =*p) ha^ a graph which is a (straight) line. 





T ' 
1 


- 4k 

\ 






X 


* 







In the figu're to the left 
a - 2 ^ and tjie graph of 

X = is the vertical . 

line indicated. Similarly 



b = 



and the'graph 



of y = - -5- is the horizontal line indicated. 

There are other equations which have graphs which are 
(straight) lines^ In fact any equation of the form y = mx + b 
has a graph'^'which ds d straight line. An example is y = ,5x - 12. 
From the considerations of Section -3, even without knowing that 
the graph is a straight line, we can immediately conclude that 
the graph must cross each vertical lifie exactly once and if 
m ?^ 0 it must als'o ^cross each h<vizontal' line exactly once. 

Clearly the graph of t^he equation y = mx + b passes through 
the point (0,b) for b = m • 0 + b and thu^ (0,b) satisfies the 
eqi^ation. Also the graph has slope m; i.e., if you increase 
by k units you increase^y by m • k units.' We explain; this idea 
by an example. , 
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Let us consider y = 3x - 2/ The point 
(0, -2) is on the graph, Ifu^5SiSc»in^ 
creased from 0 to 1, y is increased by 



3« If X is increased from 1 to !•! 

10 



then y is increased by 3 • 





If 



A proof .that the graph of y = mx + b is actually a straight line 
depends- on equality of ratios of corresponding sides of similar 
triangles. We do not give the details here. 

Using the information above, we can prove that any line 
mvistphave an equation of the form y. = mx + b' or x = a. If: jme 
line is vertical an equation of the line is of the form 
the. line is not vertical then the line must intersect 
at a point whose y-coordinate we will call b. The line .must 
intersect the line x = 1 at a point whose *y-GOordinate we call a. ^ 
Now d - b is the increase in y when x is increased from 0 to .l. 
The line whose equation is y = (d -> b) • x + b does pass tl^rough 
two points on our given line, namely (0,b) and (l,d). Therefore 
our given line and the line whose equation is y (d - b) • x ' +- b 
must be identical. Hence y = (d - b) • x + b is an equation of ' 
^our line. * ^ * ♦ 

Thus we have s.hown that every line has an equation of the 
form y rax + b or of the f 03;Tn x = a. 
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Linear E quations . An equation in and y is said to be of "'* 
the first degree in x and y if it can^ be put in the foAih 
Ax + By + C = 0 where at .least one of the numbers A and\B is rvot - - — 
zero. We not| that x = a' is of this form f or 1 • x + 0 • ]ir + (.a)' = 0 ^ 
is equivalent to x - a = 0 and Tience to x = a. Not^ th^ A » 1 and 

hence A 0. * ' . \ 

,f • * 
we also note that y = mx + b is of this form for 

(-m)x + 1 • y + (-b) = 0 is equival^wtt to -mx + y • b = 0 and 

hence to y = mx + b.' Note that B 1^ and hence ^ ^ ^0. Thus we 

have shoWn that 6very line is the graph of an equation of the 

f;,irst degree in x and y (for every line is a graph of an equation ' 

of the f o::m y = mx + b or^ x = a) • \ 

Let us look Wt the other side of the coin. Is it true tl\at 

every equation of We first degree in x and y has a graph whicl\ 

is a (straight) lin^^e? The answer is ''yes" and we proceed to \^ . 

.prove the assertion 'based on our earlier observations. ^ 

Consider Ax + By + C 0 with at least one ^)f A and^B not \ 

-26ro. Suppose 3 0. Then it follows ^rom elementary properties 

* * ' > ^ 

of numbers that the equations Ax + By '+ C « 0 

• * By . = -Ax - C * » 

' and ^ y = {Z^)^ ^ (zg) _^ 

are equivalent. (We say that .such equations are equivalent if ' \> 

they have the same solutions; i.e., provided\hat if aiiV ordereti 

pair of nuinbers (x,y) satisfies one equation it also must satisfy ' 
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the other(s)0 If ' tJhe equations are equivalent they must have 
the same graph. Thus^lf B t^O the graph or Ax + By + C = 0 is 
the graph of y = (^)x + (•^)^ and we have -already agreed that the 

latter graph is a (straight) line^*' (We consider (^) to be m 
and {^) to be to). 

Finally we -a^k what the situation is if B = 0. Then A 0 
(for at lleast one df A and B is not zero) and the equations 

Ax + C = 0, 
Ax = -C, 
and ; X = (Z^) 

n 

are equivalent. But the graph of x (^) is known to be a 
vertical line. Thus the graph of Ax + By+ C =*0 is a line 
provided at least one of A and B is not zero. ' • ! 

We c^all an equation of the first degree in x and y a 
linear equation . becau^ its graph is a line. 

Whenever an emiat:{.on is given which JLs equivalent to an 
equation of the fjorm Ax + By + C = 0 (A or B not zero) we know- 
^its^ graph must bfe a (straight) line. We can graph the equation 
by finding tw6 points On the line and using a straight edge or ' 
ruler ^-feo draw the line.' (We frequently find a third point Just 
to check our arithme'tic. ) 



1 



Important Conclusl^on.^ . . * ! > -r . 

Finally we can y/ell ask what the significance of this point 



of view is. It is monvimental.* 



• ,;2.2i •: ' 

Much of algebra is a study of linear equations , in x and 
• Much of geometry is a study of (straight) lines, 
Vfhen .we- study either (a) properties- of lines or sets of 
lines in geometry or (b) properties of linear equations or sets 
of linear equations in algebra we are really studying both. We 
can learn about linear equations by thinking about lines. We ' 
can learn about lines by thinking about linear equations* 

. . Exercises 12-4 4 

1. What is the grap^' of Ax + By + C = 0 if A and are both 
' zero and C ^? 

2. What is the^ graph of Ax + By + C « 0 l>f A, B, and C are 
each 'zero?,, 

3. Graph y ^ 2x - l' / 

4. Graph = (-l)x +3 ; ^ 
Graph 3x - 2y-= 6 ^ 

6. Graph 2x + 4y = l ^ - ^ ^ 



■ \ 
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Chapter 13 
The Sphere 



1. Properties. 



The ordinary mathematical abstraction of tihe surface of k ; [ 

. r ■ 

round'ball is called a sphere (or a "2-dimensional sphere" in , ; 
some contexts). The sphere is also , used as a mathematical ab*>^^ 

^stractiori of the surface of the earth. -The fact that the , surf ace 
of the earth is somewhat uneven and is thought to be a bit 
flattened at the poles is, from many"^pxii»cs of yiew, not important. 

^ It is still useful to study the sj^here and to reggrd it as an ab- 
straction of the surface of our earth, A sphere like a circle has 
a center.' In fact, given a positive number R and anoint C, the' 
set of all paints of space at distance ^^^rom C is called the ^ 
sphere of radius R and center C ' 

Consider th^ intersection of a plane and a sphere. If the 

. intersiection is not empty then it might be Just one_^point. In 



such- case the sphere would be tangent to the plane. This situ- * 
ation would be repres'ented by a hard bai;L resting on a table. The • 
surface of the ball 'seems to have just one point in common with 
the table top. ^ 
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If the intersection of a plane and a sphere is not empty and 
contains- more than one point, then it is a cir^^le. One sees an 
illustration of this by a slicing of an orange. 



There is a distinction made as to whether the plane which 
intersects the sph'ere contains the center of the sphere. If it 
does, we call the intersection a great circle of the, sphere. If 
the plane does not cojitain the center then we call the inter- 
section a small circle. Note that the center of the sphere is 
also the center:' of each of the great circles of the sphere byt it 
_is_not^the cente\i^ of any of the* small circles of the sphere. 




In the figure, PQT represents'a small circle with y^tev at V. 



ABD represents a great 'circle with center at C, 'the center of 
t^he sphere. , • ^ 

Given any point X on the sphere, there is exactly one line 
in space containing X and' the center C. This line must also- 
intersect the sphere at exactly one other point. Call it X«. 
(We read it "X-prime".-) Then *X and X« are the end^Joints of a 
diameter of the sphere and are called diametrically opposite 
points. . * 
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The north ancLJSOuth poles represent diametrically opposite 
points on the surface of *the earth. The equator represents a - 
gre^ circle. Let us note two ftmdamenta}: properties of a great 
circle. ' 

Property I. Evei^ two distinct \^3;;eat circles on a sphere 

^^vg 'a non - empty Intersection and the Intersectio n is a set of 

— • "■ 

two points which are diametrically opposite. 

Proof: Each great circle is the Intersection of the sphere 
and a plane which contains the center of the sphere. _ 'fhe two 
distinct planes which contain the great circles have the center 
of the sphere in common. Therefore, their intersection is a line 
which contains the center of the sphere. But this line which con- 
tains the center of the sphere must intersect the sphere in 
exactly two points which are diametrically opposite. Tl^e inter- 
section of the two great circles is ^precisely the intersection"' of 
the sphere^ and the set which is the intersection of the two planes. 
Hence^, the intersection of two distinct great circles is a set of ^ 
two points which are diametrically opposite. 

Property II. If A aiid B any two dl,stinct points of a ' 
gP^ere and A arid B are not diametrically opposite, th^en there is 
exactl^y one great circle of the sphere containing A and B. 

ProcJTr-sA, fe, and the center C of the sphere are not on the 
same ^straight ' line ^(be.cause A and B are not •diametrically 
opppsite). Therefore, from^Propterty III of Chapter 5 there is a - 
uniqiie plane containing A, B, and C-. But because this plane con- 
tains C, it must intersect the sphere in a great circle and such 
'great cli*cle must contain A and B. _ . . 
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If kny other great circle contained A and B, the plane con- 
taining that great circle would also contain C (of course) and we 
would have two .distinct planes containing A, B, and Q* ^This is 
impossible and thus Property II is proved. 

One of the interesting and important facts about "Spheres is 
that if A and B are two points of a sphere then the shortest path 
on the sphere between A and B is the great circle path from A to B 
This fact i© of great significance in navigation, both in ship 
sailing routes and in' airline routes. 

• We may experimentally anticipate this result by taking 'a 
globe and stretching a '.string between two points bn it. 



^ . Exercises 13_1 

1. (a) Make a drawing of a sphere 
like that on the right, 
(b) Label 4 points of the ' 
equator in diametrically 
opp'osite pairs. 
.(c) Dot fn the segments Join- 
ing the diametrically op-' 
posite pairs in (b). \ 
•(d) Draw two -small circles, one 6f which intersects the 

equator and one of which doesn^t. 'Label tj^elr centers^ 
•2. Draw a sphere and two great circles on the sphere showing ' 
their points of intersection to be^diametrically opposite. 




13.5 . • 

3. ' Draw a sphere with its equator. Draw fonr small clijcles of^ 

the sphere each in a plane paral3^ to the plane, of the - 
equator. — • ^. - , , 

4. Take a round ball or globe and stretch. a string Between^ two 
points 6n it to check the "shortest distance" fact%bout 
spheres. Try this several times to help .your .Ip-tuition* 

5. Take an orange or an apple, aod slice It to show great circles 
and small circles. 

6. Explain^ why going due north would be the most efficient way 
^of getting to a point' 4ue north of your starting point. 

7. (a) ^Explain why"" going due easf 'is usually not the mpst 

efficient way of getting to a point which is. due east 
of your starting point, ^ ' 
(b) Describe special circumstances when it would b'^* the most 
efficient. 



2. Coordinatizatio n of the Sphere . 

We have seen in Chapter 12 how we could coordinatiile the 
plane. ^^Glv^eh^l^wo*' pe3fpendlcu:3^a^ reference lines as the axes, we 
could locate an^ point by knowing the x- and y-coordinates of 
the point. . % 

^ < How^ do we coordinatlz* the surface of the earth--a sphere? 
Our ajncestors set up a coordinate system. They were aided by 
knowledge of the earth's rotation. The earth, of course, i^s. 
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considered to rotate on an axls--the line containing the north and 
south poles and the center of thfe earth. 'The set of points half- 
way between the north and south poles and^ on the surface is called 
ihe equator. It turns out that this set is a great circle. It is 
reasonable tq use the poles and the equator as reference sets in 
* our coordinate system. We call the great semi-circles wh^ch have, 
the north and south poles as endpoints the meridians . As^ each 
great circle' containing the poles intersects the equator in two 
diametrically opposite^oints each meridian intersects phe equator* 
in a unique point. There is a one-torone correspondence between 
the set of meridians and the Set of points of the equator. Each 
'point of the equator corresponds Ijo the Meridian which (pntains 
it. Furthermore, except =fpr the two poles, each point of the 
sphere is on exactly one meridian. Thus if we coordinatize the 
set of meridians we can use this coordinate to help ^ocate the 
, point. Note, too, that if we coordinatize the equator we can 
consider the set of meridians to be coprdinatized by use of the 
one-to-one correspgndence of the set of points of the equator 

with the set 6f meridians. *^ 
m ^ 

We have already seen in Chapter 1). how a circle can be 

coordinatized in units of degree — 

' measure. ' There are several 

options in some ^details of how 

we choose to do such. We can ' ,^ 

use niunbers from 0 to 360 using 

a cotinter-clockwlse system'. 
>S.^ ■' ' ' . ' 270' 
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Or we can choose to measure ,f rom 
our 0 poi^nt both ways to l80, one 
direction being positive and the 
other negative (or what is' more 
convenient for the equator on ^ 
the eg^rth, one east and one we^t). 
We call the coordinate of**th(e 
meri<Jian on which a points' Ites the 



90 E 




90W 

\ 



longitude of the point* 

Mgmy years ago it was decided to call the Greenwich meridian 
the zero (or prime) meridian. The Greenwich meridian is that one 
which passes thi^ough a particular point of the town of Greenwich, 
England." The rest of the meridians are numbered east or west of 
the Greenwich meridian. If we think' of looking down at Ihe 
equator from the north pole then we woul-d, label points of the 
.equator as in the figut»e .above. 
The l8o^^ meridian runs north and 
south through the Pacific Ocean 
and the eastern tip of Siberia. 
It is used| for^jmuch of its extent 
as the so-called International 
Date Line...; , 

Now to locate a point on a* sphere if we have poles and 
meridians selected we nfeed to know both what meridian the ^jolnt is 
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on and how far above or below the 
equator th^ point is. The "natural" 
way to measure "distance" above or 
l^elow the equatbr is In terms, of arc 
length, on the meridian. And this Is , 
what Is customarily done. > , 

The portion of a meridian from the equator to either pole Is a 
quarter of a circle. If the point on the e.quator Is Identified 
as the zero point on this quarter circle then the pole would be a 

90 (degree) point and each other point -woul<i have a eoordln'ate 

(called Its latitude) between 0 and 90 and north or south as the., 
pole is north* or 9outh. The set of all points with latitude 
equal to say 45 north is a small circle on t^he - sphere. The plane 
containing this circle is parallel to the plane of the equator 
—hence the expression "parallels of latitude". 

The norths and south poles, eqijator longitude and latitude 
coordinatization of the sphere is used by ipathematlclans in many 
contexts quite apart from those related to the surface of the 
earth. It Just happens to be the c^^le^^that this system is about 
as sliftple-, convenient, and useful as any that can be set up. 

One^of the interesting aspects of our coordinatization of 
ihe sphere is that, except at the p61es, "ipcally!" It 'is similar 
to the coordinatization of a plane. What we mean 'by "locally" is 
that one can choose to think of only a small 'pdrtion qS the sphere 
Then the me}:*ldlans, are like vertical lines and the parallels of 
latitude are like horizontal rin'es, 
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Exercises 13-2 

!• Describe the set of points of the sphere which have exactly 
two dtf/*erent longitudes (as we have described it), 

2.. What is the set of points of the sphere each of which has* 
more than two longitudes? . , 

-3. What is the set of points of the sphere which have- more than 
one latitude? ^ ' 

4. Draw a sphere with an eciuator and with a meridian to represent 
the Greenwich ''meridian. On your drawing label the following 
points: * 

• - _ P:- (0 E, 85 N) ■ 

Q: . (1*5 W, 10 S) ■ 
R: . (90 W, 90 S) 
S: (180 E, 0 N) 

T: • (25 E, 25 N) ' ' 

5. Consider a different coordinatization of the sphereV^s^ t 
follows: > S "J ' * 

The set of mericiians is to be coordinaf ized as before. 
The parallels of latitude are to be numbered; starting . 
from j:he south pole as zero, with the north pole as l80 arid 
using arc length alonfe-Mneridians from tlje south pole. 

liv^ry'^oint of the equator wo\^ have "latitude" . 



Every point in the northern hemisphere would have "latitude" 
greater than and less than . 
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3, ' 'She Volume _of a Spherical Ball and the Area of a Sphere . 

Di.thls section we try to give some understanding of the 
formulas for volume and surface area of a sphere. As m other 
contexts the volume of .a sphere refers to the volume of the 
portion (region) of space bounded by the sphere. The surface • 
area bf the sphere is the area of the spKere Itself, in terms 
Of practical problems, the volume can be regarded as the amount 
of sand it would take to fill up a spherical ball whereas the 
area can be regarded -as the amount of surface to be covered in 
painting' the sphere. * ' , 

We develop* the volume formula first. Prom It we shall get 
the surface area formula,? ^<^Iie*t--ti^ ^ '^%^x*^^.A.vu.^h^ v - 

think of a'spher^^^talned In the 
Interior of a cylinder which Just 
fits around It. Let R be the radfus 
of the sphere. Then the' height of 
the cylinder Is 2R and the radius of 
the base Is R. Let be the volume 
of the .sphere and the v<51ume of 
the cylinder. Thus Vg < and we 
6xpect to be considerably less 

than'v^. In Chapter 11, we have* developed the vf ormuld 

^ B - H = (tt r2)(2R) « 2TrR^. 
Therefore the volume of th^ top half of the cylinder is ttR^. We 
seek the volume of 'the top half of the sphere—l.e., of the 
northern hemisphere. The volume of the sphere Is twice that of 
the top half. 
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Think of a plane parallel to the base of the -cylinder which<> 
cuts through the cylinder and the sphere at a distance oi h units 
above the equator. Then the area of the circular region cut out 
by the cylipder is irR^. The area of the circular region cut out 
by the sphere is ttt (if r is the radius of the small circle on , 
the sphere). (See the, triangle in the figure on the preceding 

page.) But r + h = R by the Pythagorean Theorem. Hence 

2 2^ 2 
r = R - h • Therefore the area 

of the l^irger circular region minus 

the area of the smaller is 

ttR^ - ttt^ = ttR^ - 7r(R^ - h^) 



= ttR' 



2 2 




a The shaded region represents the 
region of the plane inside the 
-cylinder and outside the sphere. 

Now cons cone (upside down) whose base is a circular 

region, of radius R and whose height 

is R. The area of the plane sec.tion 

of thi^v^one h units above the vertex 
2 

is Trti since .the radius of the circu- ; 
'lar section at that level is h. 



This means that the cross section y/rea of the part of the cylinder 

I 

not in the sphere is exactly the cross section area of a cone as 
described above. Therefore it is reasonable to believe that the 
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volume of^CRia top half of the cylinder minus the volume of the top 

half of sphere is exactly the volume of the inverted cone (for 

the horizon^lBk^j^^ane sections have the correct areas). Note that 

whl^le we do not actually have a cone in the fi^re with the sphere 

inside the cylinder, we have- an object (odd-shaped) whose volume 

is \ihe same as, the volvime of •the cone we have considered. 

The volume of a cone is ^ the area of the base times the 

height.' Hence the volvime of the cone (V ) is i(7rR^) • R. 

* • cone o 

1 3 

V « -^n-R . Also == - ^^cpne ^^^^ ^^^^ cones to be 
considered, one for the top half and one for the bottom half of ^ 
the cylinder). Hence = 27rR^ - 2 • irR^ = -f^^^* which is the 
usual formula. ' . " ^ 

This is a valid formula for the volume of a sphere of 
radius R. Now we ar.e in a position to Justify the formula for 
the surface area of a sphere. Suppose we wish to find the volume 
of rubber in a rubber ball which is hollo nside and which has^ 
only a thin rubber coating. The volume of the spherical shell is 



the vol\ime of • the outside sphere minus the volume of th^ inside 
sphere (the volume of the inside sphere is -^he' volume-of the void' 
in the middle). I;et| .r^ b^e the radius oi;.^^t^0^ outside spbjere and 
r^ Ije the radius of ''ihe inside. Let ^ be the volume of the 

spherical shell. Th4h ^ ^ \ ' 

tV * ^ 3,4 3 ' ' " 

>.S.;= tTf2 - -31^1 ^ ' 



,13.13 ^ , . 

This last ^.formula follows ^cause 

as may be seen by multiplying the two factors on the left together. 
But (r^ - r^) is simply the thickness of the, shell, i.e., the 
thickness of the rubber coating. Ifc is the outside radius minus 
the inside radius. If is close to r^ (i.e., if we have a thin 
.shell) theg the volume of tjie spherical shell would seem-to be 
almost the surface area Ag of the outside, sphere times the thick- 
ness of the shell. 

' ( ^ 

Therefore we now have " 



S.S^. = 3^ (^2 - ^l)(^2 + ^1^2 + ^2 ) 



and 



^S' S ~ * ^^2 ^1^ where Z jneams "is approxi- 
^ * * * mately equal to"., ^ 

Therefore Ag Z -^tt {r^^ + r^rg + r^^) provided r^ and r^ are close 
together. But, if r^ and are close together, then rJ^ and^r,^ 
* are close together and r^"" . r^} bx\A r^r^ ate "close together, 

47rr^2. ' 

But is the. radius of the sphere, hence Ag ^ kirv^ and tl^e- 
approximation caji be made as close as we want. Thus'^ it turns out 

that 'Ag = 47rr . This is the usual formula for th^' surface area 

K - ' ' ^ ' / ' ' 

of a- sprier e. 
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Exercises 13r3 

1. Find the yolxime of a spherical grapefruit whosfe "distance 
arpund- the middle'* is l8" . 

or 

2. Find the amount of paint needed to paint the outside of a ' 

f spherical tank 20 » in diameter if one gallon of paint wijl 1 

^ cover 400 square. feet. 

'3. Find the volume of rubber needed to make 1000 hbllow rubber ^ 

\>alls of outside diameter 3" if the thicknesa of the rubber 
iD each ball is to be ,1"^ ^ 

4. Three tennis balls just fit in a cylindrical can designed to 

l^old them, one above the other. Find the volume of the air 

space left in a can full of three balls if the radius of a 

• e 

ball is about 1,3". 



Chapter l4 . 
Non-Wtetric Polyhedrons 

♦ ?^ 

The material of this chapter will be nfew to almost all people 
who are studying 1% in this text. Most' of it has been, tried (in 
much its present form) in several eighth grade classes with rather 
surprising success. There are a number of reasons for including 
it in the eighth grade curriculum. Among these are: 

1. It helps develop spatial intuition and understanding, 
,2. It** emphasizes in another context the role of mathe- 
matics in reducing things to their^sin^lest* elements. 
3.. It affords other ways of. looking at objects in the.^ 
world a^boi^us and raises fundamentaa questions ^Ijout 
these. . ■ ' * ^ ; ' 

4. It illustrates types of mathematical (geometric) ^reason- 
ing and approaches to problems. , '.^"^^ ' ' 

5. It gives an interesting ^insight .into the'meaping ofe 
%. • dimension. - o ^ $ 



Tetrahedron^ and Simplexes. 



A geometric figure of a certain type is called b tetrahfedron.' 
A tetrahedron has four vertices *which are points in space. The-^ 
drawings below represent tett^aH^rons. (Another form of the word 
"tetrahedrons^' is "tetrahedra"). . ' • 




14.1 • ' 
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The points A, B, C, and D are .the vertices of the tetrahedron 
on the left. The points f, Q, R,^^d S are the vertices of the 
one on the right. The four vertices of a tetrahedron are not in^ 
the same plane.. The word "tetrarodron" refers either to- the 
surface of * the figure 'or to the "sol;Ld" figure; i.e., the figure 
including the' interior in 5pace# ' From some points of view, the 
distinction is not important. . Later we shall use the term "solid 
tetrahedron" when we mean the surface together with the interior. 
We can name a tetrahedron by naming^'its vertices. We shall 
normally put parentheses around the letters like (ABgD)^or (PQRS). 
Later we shall use this notation to mean ^hsolid tetrahedron". 

The segments 15, W, W, and W are called the e.dges 

of the tetrahedron (ABCD): We sometime^ will use th# notation 
(AB) or (BA) to mean .the edge 15. What are the edges ^of the 
tetrahedron (PQRS)? \ . , " 



1^.3 



Any three vertices of a tetrahedron are the vertices of a 
triangle and lie in a plane. A triangle has an interior in tRe 
plane in which its vertices lie (and in which it lies). Let us 
use (a6c) to mean the triangle^^C together with its interior. In 
other words, ,(ABC) is the union . of A ABC and its interior. The 
sets (ABC), ('ABD),'(ACD), and (BCD) are called the fac^s of the 
tetrahedron (ABCD). What are the faces of the tetr^edron (PQRS)? 

• You will be asked to make some models of tetrahedrons in the 
exercises. In teaching, material like this to Junior high school 
students, the models are likely to be considerably important. 
Prior awareness of and facility wj.th models should increase 
teaching effectiveness a^s well as .improve basic under3tandings. 

The easiest type of tetrahedron of which to make a model is the 

^ -> * • 

so-called regular tetrahedron. Its edges are all the same 
> length. (We .introduce length or measurement here pnly for con- 
venience in making some uniform models. This chapter deals 
fundamentally with rton-metrirc or "no-measurement" geometry. ) On 
a piece of cardboard or stiff paper construct an equilateral tri- 
angle of side 6"» (You can do this with a ruler' and compass or 
with a rulerand protractor.) 
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- Now mlirk the tnree points tnat are naifway between the various 
pairs of vertices. Cut out the large triangular region. Carefully 
make thf»ee folds or creases along the segments joining the "half- 
way" points, ^ybu may use a ruler or other straightedge to help you 
make these .folds. Your original triangular .rejgion now looks like 
four smaller triangular regions. Bring the original three 
vertices together above the center of the middle triangle. FSisten 
the loose edges together with tape or paper and paste. You now 
have a model of a regular tetrahedron. • ^ 

How do we make a model of^ a tetrahedron which is not a 
.regular one?* €ut any triangular region out of cardboard or heavy 
paper. Use this as-Jbh^-base ^of your, model. Label its vertices A, 

and Cl Cut out another triangle with one of its edges the 
same length as 105. Now, with tape, fasten these two triangles^ 
together along edges of equal length. Use ed^e (AB) for this, f^r 
instance. Two of the vertices of the second triangle are now con- 
sidered "^kbeled A and B._ Label the other vertex of the second 
triangle D. Ciit out a third triangular region with one edge the 
length of TQd and another the length of Jc. Do not make th^ angle 
between these edges too large or too small. N'ow, with tape, ' 
fasten* these edges of the third triangle to 'SB and Iff so that the, 
three triangles fit together in^ space The model you have ?con- 
stinicted'so far will look something like a conitjal drinking cup 
if ycfu hold the vertex A itt the bottom. Finally cut out a 



' 14.5 

triangular region which will Just fit the top, fasten It to the 
top and you will have your tetrahedron. 




5? 



Exercises l4-la- 



1. Ma^^a cardboard or h'eavy paper model of a regular tetrahedron. 



Mal^e' 3^ur model so that its edges are each 3^* long. 

2. Make a model of a tetrahedron which is not regular. 

3. In making the third face of a non-regular tetrahedron, what 
difficulties would we encounter if we made the angle DAC tocT 
large or too small? . a ^ 



Simplexes ^ A single point is pi*obably the simplest object 
or set of points you can think of. A set consisting of two 
points Is probably the^next most &impl;/^et of points in space. 
But any two different points in space are on exactly one line and ^ 
are the endpolnts of exactly one segment (which is a subset of 
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the line). Thus, the set of two point^s determines two other simple, 
sets in space: a line and a segment. A segment- hks^ length but 
does not have area. We speak of a segment or a line as being one- 
'dimensional. Either^ could be cor^^idered as the simplest one-di- 
mensional object in space. In this chapter we want to think 
about the segment, not the line. 

A set consisting of^ three points is t^ie next most simpTe set 
of points in space. What do three points in space determine? If 
the three points are all on the same line, the^we get Just a part 
of a line. We are not much better off than we were with Just two 
points. Let us agree, therefore, that our three points are not 
to be on the same line. Thus there "is exactly one plane contain- 
ing the three points and there is exactly one triangle with the 
t^hree points as vertices. ^ There is also exactly one triangular 
region which together with the triangle which, bounds it, has the 
three points as vertices. This mathematical object,. the triangle, 
together with its interior, is what we ^want to think about. It 
has and it is two-dimensional. It can be considered as the 

simplest^two-dimensional object in space. 



4 





EJJC 



247. 



14.7 ^ 

It seems* rathe^ clear that the next most simple set of points 

in space would be a set of ^^our points. If the four points were ^- 

all in ope plane then the figure determined by the four points 

would apparently also^be irK^ne plane. We want 'to require that^ 

the four points are not all in any one plane. Thig requirement 

also guarantees us that no three can be on a line, (if any three 

« 

were on a line thep^there would' be a plane containing that line 
and the fourth* point and the four points would be in the same • 
plane.) We have four points in space, then, not all in the same 
plane. Clearly, this sugges^^ a tetrahedron. The four- points in 
space are the vei^tices of exactly one^solid) tetra^jedison. A 
solid tetrahedron has volume and it Is 'Jhree-dimensional. It can 
be considered as the simplest three-dimensional object in space. 

Here we have four objecits each of^which may be thought^of as 
the simplest of its^in'd. There are. remarkable similarities among 
these- objects. They all ought to^have narae^yWrlt sound alike and 
remind us of their basic properties. We c^l each of these a 
simplex . We tell them Apart by labeling^,each with its natural 
jiimension. Thu^ a ^set consisting of a single point is called a' 
0- sim^lex . -A segment is called' a 1- simplex. A triangle together 
with its Interior is^ called a* 2 -simplex. A solid tetrahedron is 
called a 3-simplex. ' « - 
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'Let us make up a table to h^lp us* keep these ideas in order. 

A set consisting bf: determines; - which is called ^a; 

one point one proint .(i'tself) 0- simplex 

^t^o points a segment 1-simplex * 

'three points a triangle together 2-simplex 

not alT on* , with its interior 
/ amy one line 

s four points a solid tetrahedron . ' 3-simplex . 

^ not all on , (which includes its 

any one plane 'interior) ^ ^ 

There i,^ another way to think about tfie^dimension of these 

sets, ^n this we think of th^ notion of b^weenness,- of ,a point 

L * • , . ; r • 

being betVeen two other points. ^ ^ - , 

^ • .Let us start with two points. Consider these two points and • • 
all points .between^ them. We now have a segment. ' Now take the 
se^ent together with all points which are between any two ^ 
points of the segment. We ^s1:i\Ll have the Scune segment. No new • 
points were obtained by' "taking points* between" again./. The. 
/process of "taking pdintS between" needed\to be used Just pnce.., ^ 
^ We get. a one-dirtiensional ^et; a T-simplex. 

Next consider three points 'not bX\ oh the same line. The^ 

let us ap^ly our-prooess. We tak\e the^ points* together with all 

^^..^ ' * . " . ^/.,^.^^,,, 

points Which 'are between any two. of them. , At this -stage we have 



triangle but not^its interior. We apply the process again. , / 
We take -^he set we af readjf^haVe ( the triangle) together wi;t>h all 
points which are between' Jkj two*^oints of this set^l We"^et the 
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union of the triangle and its interior. ' If we apply the process 
again we don't get anything new.. We need use the process just 
twice* We get a two-^dlmenslonal set, a 2-simplex. 

. ^ ^^^^^ /\ second • 

process y \^ • process 





' B c ' 

^) • ^ . . • 

Next let us consider four points not all on the same plane* 

We apply the process of "taking points between'' and get the union 

of the edges of a tetrahedron. -We apply the process again andrg^t. 

the 'union of the faces. We apply/it once ''more and get the solid 

^ tetrahedron itself. We apply it again .and .still get Just the 

solid tetrahedron. ^ We. need use the process Just three times. Wee 

get a three-dimensional set, a 3-simplex. <* 

If we had ;just one point,, the application^.of the ^rocess^ 

wouid still leave us with Just the one point. .We nee4 apply the • 

process zero times. We get a zero-dimensional set, a 0-slmplex. 

(We mention this case last because' we have to understand the 

process before it can make much sensed) ^ . 

i» Finally, let us consider a 3-simplex. Ldok-at one of your' ^ 

modeOs^oj/tetr^ahedrons. It has four faces and each face is a 2- 

&imi^lex. It has^six edges and e'ach edge is a 1-simplex. It*has 

four vertices and each vertex is a 0-simprex. / • 
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Exercises ' W 

1. (a) 'A 2-slmplex has how .many 1-simplexes as edges? 
(b) It has how many 0-simplexes as vertices? ^ 

2* A 1-simplex has h^W many 0-simplexes as. vertices? 

3« Using models show how two 3-simplexes can have an inter- 

* section which is exactly a vertex of each. ' v 

4, Using models show how two^ 3-simplexes can have an Inter- 
section which is exactly an edge of -each. ^ 

5« In this and the next problem you are asked to do a bit of. 

coloring. MarliC three points not all on the same line in blue* 
Color red all points which ar*e between any two of these. 
Shade green all points which are between any two of the 
'points already colored.^ Should there be any points which 
are not colored and are betweeh two of the colored points? 
Starting :^ith the three points, how many times did you need 

r to. use tl^e process of "taking points, between" before you vjere . 

finished? \;i.t>r / " ' a^Us^k ^ i ^ 

^ ^^^^^ V --^--^^ V- r 

6« Use. your modeitff a' non-regular^ tetrahedron. . Color its^ 

vertices blue. Color red the set of^^ll points each of which 
is between two j}f th€^ ^tices. Color green the set of all 
'"^"^"^^ points each of which iS betweerTi^wo^^ red or' blue/, 



'colored -points. You should*now have y^ur model colored. 
What is'the set 'of all points which either ^are cplored or 
» are between two of your colored^points? ' 



/ 
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2, Polyhedrons # * ^ * 

Models of Cubes* Most of you 'know that if you want to make 
•an ordinary box you need six rectangular faces for it. They have 
to -fit and you have to put them together right. There is a 
rath'er easy way to make a model of a cube. 



Draw six square^ on heavy paper or cardboard as ^ift the • 
drawing above. Cut around the boundary of your figure' ancf fold 
(or crease) along the dotted lines. Use cellulose tape or' paste 
to fasten it together. Lf you are. going to 'use' paste it will- be 
necessary^, to have flap's as indicated in the drawing, below. 



(' 

1 

1 ^ 


f ^ 


1 
I 










f 
1 

"1 







\ 

You will be asked to make two models of a cube in.Jhe • i 
exercises. 
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Can^the surface of a cube t>e regarded as the unl^n ' 
2-slmplexes (that Ts, of triangles togetH^r fwith their interiors)? 
Can a solid cube be regarded as the union of 3-simplexe8 (that is 
of solid tetrahedrons)? The answer to botl^ of ^these questions is 
"yes". We. shall explain one way of thirtkitig about these questidns. 

» Each face of a cube can be conside^ejl to be the union of two 
2-simplexes, Th^e drawing oft the left beloW shows a cube with 
three of its faces subdivided* into two 2-simplexes each. The face 
ABCD appears as the union of (ABC) and /(ACD) for example. The 
other faces wliicl),-^e indicated as sub'divided are CDEF and ADEH, 

We can think of each of the other fa6es as the union of two 

/ " ^ 

2-simplexes, Thus the surface of ^/the cube can be thought of as 



the union of twelve 2-siinplexes,/ 





Wit^h th6 surjface regarded as the, unjon^of 2-slinpTeaes we ' ' 
may regard the solid cube as the union of 3-simplexes (solid 
tetrahedrons) as follows. Let P be any point in the interior of 
the cube. For any 2-8lmplex on the surface, (ABC), for example. 
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(PABC) is a 3-slmplex. In the figure on the right above, P i^ 
indicated as inside the cube. The 1-simplexes (PA), (PB), and 
(PC) would also be inside the cube. Thus with twelve 2-siinplexes 
on* the surface, we would have twelve 3-siraplexes whose union would 
be the cube. The solid cupe is the union of 3-siraplexes in this 
nice way. ' . 

^Now we ask another question. Do. you suppose that a 3-sirapl^ex 
can be regarded as the union of a certain (finite) number of 
solid cubes? Can we' find solid cubes that will fit' together to * 
filj. up a 3-siraplex? The answer to these questions is no*. 
Suppose cubes could be fitted together to fill up a 3^simplex. 
Then any face of the 3-siraplex would be filled up by square 
.regions which are faces of the cubes. .The square regipns have 
right angles at their vertices. Any face of a 3-siraplex is tri- 
angular. At least two of the angles of^a triangle raust be less 
than a right angle. 'Therefore the-' square regions cannot fit. -^A 
3r simplex cannot be a .finite union -of cubes. 

■ . " / ' . ■ . 

Exercises 14-2^^*^'^*-*^— -^r'^^.^^^vV*---^'^^^ 

1. Make two' raodels of cubes o\i't of cardboard or he^vy paper. 
Mjake tjiera with each .edge 2lVlc^g^-,_, . -.^^.\ - ^l- 

2. On one of youF raodels, without adding any other vertices, 
draw segments to express the surface of the cub6 as a tinion 
of 2-siraplexes. Label all the vertices on the raodel 
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A, B,7C, rD, E, F, G, and H. Think of a point P in the 
interior of the cube* U^ing this point and the vertices of 
the 2-simpiexes on the surface list the twelve 3-simplexes 
whose union is the solid cube. . , ^ ' 

3. ^ On the same cube as in problem 2, mark a point in the cent^ 

pf each face. ^Each should be on one ""of the segments you drew 
in problem 2..) Draw segments to indicate the surface of the 
cube as the union of 2-simplexes using as ve^rtices the 
vertices of the cube, and t)iese six new points you , have 
marked* The surface i-s now expressed a^s the union of how 
many 2-simpleXfes? ^ 

4. Think about a polyhedron formed by putting a square-ba^d 
pyramid on each' face of a. cube. ,The surface'^of this new 
polyhedron has how many trijangular faces? Can ^you compare 
thrs new polyhedron vertex^ for vertex, edga» f or edge, and _ 
5-simplex Tor 2-simplex with the surface 6f the cube sub.-. 7 
divided into* 2-simplexes as in problem 3? , . ' ' 

; ^ 

V Pplyhe4rons> _ A j^tyhedron is the \iriion of a finite niimber of 
Bimplexes: It^otild -be just one simplex, or maybe the union. of 
"seven simpiexe's, or maybe of 7,000,000 simplexes. What we are 
saying is that it is the union of some particular number of 
simplexes. In the previous section, we observed that a, solid cub^ 

. . - • 
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for example, was the uniop of twelve S-simplexes, 
below represent the unions of slmplexes. 



The figures 







The figure on the left represents a union of ^ 1-simplex and e 
a 2-simplex which does not contain the 1-simplex. It is there- 
fore of mixed dimension- In what followjs, we shall riot be con- 
cemed with polyhedrons (or polyhedra) of mixed dimension. We 
assume a polyhedron is the union of simplexes of the same 
dimension ^ We shall speak of a 3-dimensiondl polyhedron as one 
which is the unison of 3-simplexes. A 2-dimensional polyhedron is 
one whicli is the union of 2-simpl(exesJ A l-dlmensional^ poly- 
,hedron is one which is the union of 1-simplexes. (Any finite set 
of points c^id be thought of as a O-^lmensional polyhedron but . 
we wonH be dealing with such here,.) ^ . . * 

^ The figure on the right abo\j^e represents a polyhedron which 
seems to be the union of two 2-simplexes (triangular regions) but 
they don^t intersect nicely. We prefer to .think of a polyhedron 
as the union of simplexes which intersect nicely as in tl^ie middle 
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figures. Just what do we mean by slmplexes Intersecting 
beiy? There is an easy explanation for it. If two slmplexes 



of the same dimension Intersect nldely, then the intersection must 
be a face, or an edge, or a vertex of each. Mathematicians wo 
say that they intewect "sio^llclally" ; i.e., in a subsimple/ of 
e^h. 

Let us look more closely at the union of slmplexes which do 
not Intersect nicely. In the fig^ire 
on the right the 2-'Simplexes (DEF) 

and (HJK) have ju^t the point H in 

I- * 

common. They do not intersect nice.ly. 
While H is a vertex of (HJK), it is ' 
not of (DEF). However, the polyhedron 
which is tTie union of these two 2-simplexes 
is also the union of three' 2-simplexes 

which do' intersect nicely, namely, (DEH) , ■ (DHF) , and (PJK). 

The figure on the left 
represents the union of the 
^ * 2-3implexes -(ABC) and (PQR). 
They do not intersect nicely. 
Their intersection seems to be 
a quadrilateral together with 
its interior. ^ , 
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On the right we have indicated 
how the same^ set of points (the 
same polyhedron) can ""be considered 
to be a finite union o'f 2-slmplexes 
which do Intersect rlicely. The 
^ polyhedron Is the union of the 
"eight 2-slmplexe3, (ACZ), (CZY), 
(PZW), (XYZ), (WXZ), (Bra), ^(XYR), 
and (YQR). " 

These examples suggest a fact about polyhedrons. If a poly- 
hedron Is the union of slmplexes which Intersect any, way at all 
.^^en the same set of points (the same polyhedron)' is also the ^ 
^ union of slmplexes which intersect nicely. Except for the exer- 
cises at the end of this section, we shall always deal with unions 
of slmplexes whlcl;i intersect nicely. We will regard a polyhedron 
as^havin'g associated with it a particular set "'of slmplexes whnch 
^ In^rsect nicely and whose union i*t is. When we say the word* 
"polyhedron", we understand the slmplexes tp be there.' 

Is. a solid cube a polyhedron, that is, is it a unioii of 
3-slmplexes? We have already seen that it is# Is a solid prism . 



a polyhedron? Is a solid square-based .pyramid? The answer to 



/ 



all of thes^ questions Is yes. In fact, any' solid object' each^^,. 
of whose faces Is flat (that is, whose surface does not contain 
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any curved portion) is a 3'-dlmensional polyhedron. It can be. ex-, 
pressed as the union^df. 3-slmplexes. 

As examples let us look at a solid pyramid and a prism with . 
a triangular base. 





L* 

In the figure on the left the solid pyramid is the union of 

the two 3-simplexes (ABCE) and (ACDE) . The figure in the middle 

represents a solid prism with a triangular base. ^The "prism has 

three rectangular faces. Its bases Bfe (PQR) and (XYZ). Here we 

see how it may be expressed as thp unipn of elfeht^ ^-simplexes.^; 

We use the same device we used for the solid cube. First we 
. "/ 

think ^bouj; the surface as the union of 2-simplexes. We already 

^ ^ ■> 

have the bases as 2-simplexes. Then we think of each rectangular 
face as the union of two S^simplexes. / In the figure on the right 
above the face YZRQ is indicated as the union of (YZQ)^ and (QRZ), 
for instance. Now think about a point^ P in the interior of the 
prism. The 3-simplex .(FQRZ) is one of eight 3-simplexes each with^ 
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with P as a vertex and whose union -is the solid prism. In ihe 
^ exercises you will be asked to name the oth^r seven. 

Pin^fly7 do we express a solid prf'srnvJlrtfh a non -triangular 
base as a 3-dimensional polyhedron (that is, as a union of 
3-simplexes with nice intersections)? We use a little trick. We 
first express the base as a union of 2-simplexes and therefore 
the solid prism as a union of triangular solid prisms. And we 
j;an then express each triangular solid prism aS the unior^ of eight 
3-simplexes. We can do this in such a way that all the simpl^e^ 
intersect nicely. 

There is a moral to our story here. To do a harder-looking 
problem, we Tirst tj-y to break it up into aUot of easy problems 
each of which we already kno?r how to do (or at least are abll^ to 
do). ^ ' * 

It 

Exercises l4-2b 

1. Draw two 2-simplexes whose intersection is one point and 
» (a) is a vertex of ekch. * • . 

(b) is a vertex of one but n^t of the other. 



2. Draw ifer.ee 2-simplexes which intersect* nicely ^d whose union 
IS Itself a 2-9lmplex. ' (Hint: start with a 2- simplex as the 
union and subdivide It.) - 



J 



You are asked to dr^v^^arbpus 2-dlmenslonal polyhedrons each 
as the union of sl^ 2-slmplexes. Draw one such that 

(a) * No^ti^ of the 2-simplexes intersect. 

(b) There is one point common to all the 2-simplexes but 
,no other point is common 'to ar>y pair. 

(c) _ The polyhedron is a square togetflier with its interior. * 
J^e figure on the right represents 

a polyhedron as the'^union of 
2-simplexes without nice inter- 
sections. Draw ^ a similar figure 
yourself .and then draw in three 
segments to make the polyhedron 




the union of 2-simplexes which 
intersect nicely. 
The 2-dimensional figure on the 
right can ^be expressed as a, union 
of'Simplexes with nice inter- 
sections in many ways. Draw a 
similar figure yourself. » ' { 

(a) By drawing segments express it the union of six 
2-sijjjplexes wi-^hout using more vertices. , ' ^ 

(b) ."By adding one vertex near the' middle (in another drawing 

of the figure), express the polyhedron as 'the union of 
eight 2-simplexes all having the point in the middle , 
• as one vertex. ■ ■ . , 
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6. . (a) List ^Ight 2-slmplexes whose 
\inion is the surface of the 
triangular prism on the right • 
• (The figure is like that used 
earlier. ) • * ^ 

.4(b) Regarding F, as a point in ^the 

jjinterior of the prism list eight 
' 3-simplexes (each .containing F) 
whose union is the solid prism* 
(c) The triangular prism PQRXYZ is also the 'union of three 

3-simplexes which intersect nicely. N,ame such you can. 




3* Polyhedrons of Special Dimension . 

One - Dimensional Polyhedrons ^ A 1-dimensional polyhedron is 
the union of a certain number of 1-simplexes (segments)* A 
l-dimensional polyhedron, may be contained. in a plane, or it. may, 
not be\ Look at a'^model of a tetrahedron. The union of the 



edges i? a 1-dimensional polyhedron. It 'is the union of^ six 
1-slmplexes and-does not lie lii a plane*. We- may think of the 
figures below as representln'g 1-dlmenslonal polyhedrons that do 
lie In a plane (the plane of t^ie page), 

G 
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^ Where are two types of l-dim$nsional polyhedrons wH^ch are 
of special interest. A polygonal path is a 1-dimensional poly- 
hedron in which the 1-simplexes can be considered to be arranged 
in order as follows. There is a first one and there is a last 
one. Each other 1-simplex of the polygonal path hap one vertex 
in common with the' 1,-simplex which precedes it and one vertex in 
common with the 1-simplex which follows it, .There are no extra 
intersections. / The first and last vertices (points) of the poly- 
gonal path are called' the ehdpoints. 

Neither of the 1-dimensional ^polyhedrons in the figures 
above is a polygonal path. But each contains many polygonal i^ath 
The union ^of (AB), (BC), (CD), -(DG) and (GH) is a polygonal path 
from A to H* The union oT (JD) and (DE) is a polygonal path from 
J to E and consists of -just two 1-simplexes. 

In the drawing on the right o^ a 

^ p ' ' 

tetrahedron, the union of (PQ), (Qi^)., 
and (RS)'is a polygonal path f-rtm P to 
$ (with endpoints P and S). The 
1-simpIfex (PS) is itself a- polygonal 
path from P to S# Consider the. 
• 1-dimensional jDolyhedron which is the 
union of the edges of th'e tetrahedron. 
[Find three other polygonal paths from 
P,to S in it. (Use a model if it helps 
you see it . ) , ' ^ 
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The \inion of two polygonal paths that have exactly their 
endpolnts -in common is called a simple closed polygon (it is also 
a simple closed, curve) • Anothej* way of describing a simple closed 
polygon is to say that is is a 1-dimensional polyhedron which is 
in one piece and has the property that every vertex of it is in 
exactly two 1-simplexes of it, . \^ 

The 1-dimensional polyhedron on 
the ri'ght is not a simple closed 
^polygon, JBut it contains' exactly ^ 
one simple closed polygon, namely^ 
the union of (AB), (BC), (CD), 
and (DA). 

^ » ^ The union of the edges of the cube 

in the drawing on the left is a 
1-dimensional polyhedi^. It 
. contains many simple closed 
polygons. One is the luiion of 
(AB), (BE), (EG), and C^A). 
Another is the imion of (AB), (BC^ 
(CD), (DE), (EG), and (GA). Can you give at least two ^re 
simple closed polygons containing (BE) and (GA)? (Use a model 
" if it helps you see it.) * . * 
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. There is one very easy relationship on any simple closed 

polygon. The number of 1-simplexes (edges) is equal to the 

number of vertices. Consider the 

figur^e on the right.- Suppose we 

start at some vertex. Then we 

take an edge- containing this 
f 

vertex. JJext we take the other 
yertex contained in this edge and 
then the other edge containing 
this second* vertex. We, ^may think 
of numbering the vertices ami 
^ edges as in the figure. We con- 
tiriue th# process. We finislj-^ ^ 

with the other edge which contains 'our original vertex. We start 
with a vertex and finish with an edge after having alternated ' - 
veiftice^ and edges as we go along. Thus the number of vertices 
is •the same as the number of edges. ^ 




Exercises l4-3a 
1. The figure on the right represents 
a l-dimensional polyhedron. How 
• many polygonal paths does it con- 
tain .with endpoints A and' B? Hpw 
many simple closed polygons does 
,it contain?. 
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(a) Trie union of the edges of a 
3-simplex (solid tetrahedron) 

• contains how many simple 
cl^jSed polygons? 

(b) Name them ^ill. 

(c) Nine one that is not contained 
in a plane. ' * 
(Use a model if you wish.) 

Let P and 0 be vertices of a cube 
which are diametrically opposite 

0 

each other (lower front left and 
upper feack right). Name three 
polygonal paths from P toAQ each 
of which bontains all the vertices 
of the cube and is in the union of 
the edges. (Use a model if yx>u,wish.) 

Draw a 1 -dimension ail polyhedron- wl>lch is the union of seven 
1-simplexes and contains no polygonal path consistitig of more 
than two oT thisse simplexes. * ' * 

Draw a simple closed. polygon the surface of one of your 
models of a cube which interse.ct8^ every face and which does 
not contain any of the vertices of the cube'. 
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Two ^ Dlmenslonal Polyhedrons > A 2-.dlmenslonal polyhedrpn is. a 
"union of 2-simplexes. As stated before, we agree that the'2«slW_ 
plexes are 'to intersect nicely, that Is, if two 2-simplexes inter 
sect, then the intersection is, either an edge of both, or a 
vertex of both. There are many 2-dimensionaj|. polyhedrons; some > 
are .in one plane but many are not in any one plane. The surface 
of a tetrahedron, for instance, is ^not* in any one plane. Let us 
first consider a few 2-dimensiorial polyhedrons in a plane. In 
drawing 2-simplexes in a plane wq shall shade their interiors. 

Every 2-dimensional polyhedron 
in a plane has a boundary in that 
plane. The boundary is itself a 
1-dimensional polyhedron. The 
boxandary may be aj|simple closed 
polygon as in the figure on the 

right. In the figure on the left below we have indicated a poly- 
hedron as the union of eight 2-simplexes. (ABC) is jDne o^ 'them. 

The boundary is the union /of 
two simple closed polygonsV 
the inner square and the outer 
square. These two 'polygons 
J do not intersect. 
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The figure oh the right represents 
a 2-dimensional polyhedron which is the 
vmibrt of six 2-simplexes. The boundary 
of this polyhedron, in the plane is the 
union of two simple closed polygons 
which have exactly one vertex of each 
in common, the point P. ^ 

Suppose a 2-dimensional polyhedron in the plane has a 
boundary which is a siraple**closed polygon (and nothing else). Then 
the number Qf 1-simplexes (edges) of the boundary is equal to the 
humb^r of 0-simplexes (vertic^) of the boundary. Yoyi have 
already Tse^n, in the previous section, why this must be trtte* 

Thire are many 2-dimensional polyhedrons v?|iich are not in 
any one plane. The surface of a tetrahedron is' such a polyhedron; 
the surface of a cub'e is another (it may be considered to be ex- 
pressed as ^a union of 2-siD5plexes). Here we have some 2-dimeni- 
sional polyhedrons which are themselves surfaces or boundaries of 
3-dimensional polyhedrons. Let us consider these two surfaces, 
the surface of a tetrahedron and th^ surface of a cube. . 
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You may look at the drawings above or you may look at some 

models (or both). Let us count the number of vertl-ces, the 

number of edges and the number of faces. But the surface of a 

cube can be considered in, at least^ two .different wayi^ We can 

think of the faces fs being square regipns (as> in the middle 
« 

figure) or we may think of each square face as subdivided into two 
2-simplexes (as in the figure on , the right). We will use F for 
the nujpber of faces, E for the m^ifSber of edges and V for the 
number of vertices. If you are counting from models and do not 
observe patterns to he,lp you- count, it is usually easier to check 
things off as you go along. That is, 'mark the objects as- you 
count them, " • ' * 

Let us make up a table of our results. 



9 



Surface of te.trah'edron ^ -? ^ ^6 

Surface of ^uhe (square fa-ces) ? • Q 

'/V * ' 

Surface of cu^>e (two .2-simplexes .12 ' " ? ? 

on each square face) < 

' It is not easy from Just these, three^amples to observe any 

nice relationship among these numbers. What we are looking for is 

a, relationship which will be t|»ue.n<)t Only *for these' 2-aimen8ional 

polyhedrons but also for others like these. Try and see- if you 

can. guess the relationship we will be telling' you about in the 

- last section. 
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^ ' Exercises l4-3b 
Make tip a table as in the text showing F, V, and E for the 
'2-dimensional polyhedrons mentioned .there. 
Draw a 2-dimensional polyhedron in the plane wi'th the 
polyhedron the union of ten 2-simplexes such that 

(a) its boundary is a simple closed polygon, 

(b) its boundary is the union of three simple closed 
polygons j|iaving exactly one point In common, 

^c) its boundary is the union of two simple closed polygons 

which do^not intersect. 
Draw a 2-dimensional polyhedron in the plane with the number 
of edges in the boundary . 

(a) equal to the number of vertice^ ^ » . 

(b) one more tham the niimber of vertices, 

(c) tjtfo more tham the number of vertices. 

Draw a 2-dimen8ional polyhedron whicri is the union of t^ree 

/ 

2-siinplexes with each paif having exactly an edge in ^ommon. 
Do Vou think that there exists in the plane a polyhedron which 
is the union of four 2-8implexes such that each pair have 
exactly an edge in common? , 

On one of your models of a cube, mark ^ix points one at the 

^ r 

center Of ^ach face. Consider^ach face to be subdivided into 
four 2-siinplexes each having the center point as a vertex. 
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Covmt F (the nxomber of 2-simplexes) , E (the nupiber of 
^ 1-simplexes), and V (.the number of 0-slmplexes) for this sub- 
division of the whole surface • 'Keep your answers for later ^ 
^ use.' ^ , * , 

6^ Do the problem above without using a model and without doing 
any actual counting. Just figure out how many of each there 
must be. For instance, there must be l4 vertices, .8 original 
ones and 6 added ones. 
'Express the polyhedron on the 
right as a union of 
2-simprexes which inter- 
sect nicely (in edges 
orr Vjertices of each other). 




4. Three - Dimensional Polyhedrons , Simple Surfaces and the 

Euler Formula. 
— c — ■ ■ ■ 

A 3-simpfex is one 3-dimensional polyhedron. A solid cube 
is another 3-dimensional polyhedron. Any union of a certain 
number of 3-simplexes is. a 3-dimensik^al polyhedron. We will 
''assume again that the simplexes of a polyhedron intersect, nicely. 
That is, that if two 3-simplexes intersect, the intersection is. a 
2-dlmensional face (2-simplex) of each or an edge (i-simplex) of 
each or a Vertex (O-simplex) of each; 
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,Any 3-dimensional polyhedron has a surface (or boundary)' in 
space » This surface is its^)f a 2-dimen8ional polyhedron. It is 
the union of seveijal 2-8implexes (which intersect nicely). The 
"Surface of the 3-dimensionai poly-, 
hedron represented by the draj/ing 
on the right is something of a mess. 
It consi|ts of the surfaces of three 
tetrahedrons which have exactly one 

point in coniiion. ^ 

The simplest kinds of surfaces of 3-dimen8ional polyhedrons 
are^ called simple siz^f^ces^ The surface- of a cube and the 
' surface of a 3-simplex are both simple surfaces. There sire many 
others. Any surface of a 3-dimen8ional polyhedron obtained as 
follows will be a simple surface.. Start with a solid tetrahedron. 
Then fasten another to it so that the iptersection of the one you 
are adding with wh^^^ou already have is a, face of the one yow * 
are adding. You may keep adding more solid tetrahe^drons iri any 
coifiSination or of j^ny size provided that each one ypu add in turn 
intersects what you already have in a set which is exactly a 
union of one, two, ^r three faces of the 3-8implex you are adding. 
The surface of any polyhedron formed in this way will be a simple 
surface. ' ' 
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Group activity . Take five models (^:^regular tetrahedrons of" 
§dges 3". Put marks on all four faces of one of these. Now 

^ fasten each of the others In turn to^ one of the marked faces.' The 
marked one should be In the middle and you won't i^ee Ity^y more. 

^, The surface of the object you have represents a simple surfaee. 
You can see how to fasten a few more tetrahedrons on to get more 
and more peculiar looking objects. Suppose It Is true that when-, 
^ever you add a solid tetrahedron the Intersection of what you add- 
with what you already Tvg^Y^^is one fape, two faces or three faces 
of the one- you add. The surf-ace x>f what you get vlH be a simple 
surface. * 

-> 

One can also^fasten solid cubps together to get various 
3-dlmensional polyhedrons. In fastening solid cubes In turn onto 
what you already have, you will always wind up with a^3-dlmenslonal 
polyhedron v^hich has a simple surface provided the following * 
condition Is met. The Intersection of each one you add In turn 
with what you already have must be a set which Is bounded on the 
surface of the cube you kre adding by a simple closed polygon. 
For example, the Inter^ect^^orfTRigh^^ the union of two 

adjacent faces of thpxSne you add. 

Finally we ilientiol) an interesting property of simple ^ ' 
surfaces. Draw any, simple closed^ polygon on a simple V^face. 
Then this polygon separates the. simple surface into exactly two 
' sets each' of y/hich- is oonnectfed}* i.e., is one pfece. 
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Group activity . On the surface of one of .the peculleir 
3-dlmenslonal polyhedrons, (with simple .surface ) that you haVe con- 
structed above, have somebody draw. any simple closed polygon (the 
'^wilder the better). It need** not be In Just one face. Then have 
somebody else start coloring somewhere on the surface but away 
from the polygon. Have him color as much as he cart without 
crpsslng the polygon » Then have another person start coloring 
with another c^J^^r" at any pre^^ously uncolored place. Color as 
much as possible but do not cross the polygon . When the second 
person has polored as much as possible, tlT^s, whole surface shou4d ^ 
be' colored* • 

If -you don't garefully follow the Instructions for con- 
structlng a polyhedron with simple surface you may get a poly- 
hedron whose surface Is not simple. Suppose, for Instance, you 
fasten eight cubes. together as In the drawing- below. The poly- 
l^edron looks so;nething irke a square doughnut. ; Note th^at- In 
fl^lfing the eighth one, the Intersection of the one you are adding 
with what you already have Is the union of two faces which are 
not adjacent. The boundary (on the eighth cu$e) of the Inter- 
section' Is tWQ simple closed polygons, not Just one as It should 
be. There are many simple closed polygons on this surface which 
^€o not sej^arate it at ,all. The polygon J does not separate It. 
The polygon K does. 



1,4*34 




Exercises l4-4a 

r. Using a block of wood (with cy^rners sawed off if possible^, 
draw a ^mple closed polygon on the surface making it inter- 

r sect most or all of the faces of the solid. Start coloring at 
Bome point. Do not cross the polygon. Color as much as you 
can without crossing the polygon. When you have colored as 

\ " . • ^ ; ' , 

--^ much, as you can, start coloring with a different color on 
i • • 

some uncolored portion. Again color as much as you can jwit/h- 
out crossing the polygon. ^Yoii should have the whole surface 
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colored .wheVi you finish. 

do through the s^e proc-edure 'as in Fjrob]|e^ 1 but with another 



/ 



3-^d^ensional solid. Use one of your models or another. blo<5k 
of; wood. Make your simple closed /polygon as complicated as 
you wish. ' ° 
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Counting Vertices , Edges , and ^aces — the Euler Formula . 
y/ In Section l4-3 you were asked to do some counting. A few of 
you may have discovered a jcelationship between F, E, atnd V# 
Consider the tetrahedron in the figure below. Its 'surface is a 
simple surface. What relationship, can we find among the vei?tices, 
-edges, and faces of it? ' 




•V. . _ 

^ There are the same number of edges and faces coming into. the 

point A, three of each. One may see that on the base there are°the 
same number of vertices and edges. ' We have two objects left' over: 
the vertex A at the top and the fdce (BCD) at the bottom. Other- 
wise we have/matched all the edges with vertices and faces. So 
If \ V - E = 2. Now let us ask what would b^ the 'relationship if 
one of the faces or the bSse were broken up into several 
2-simplexes. Suppose wo had tfie base bi^oken wp inio three o . 

2-simplexes by adding ohe ^vertex in the base. The figure on ^ * 
the right at>ove illustrates this. Our ^counting would be the same 
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until we. got to the base sxid we would be "able to mat-ch the three 

new 1-simplexes w^ich contain P with the three new 2-simplexes on- 

the base. We have lost, the face which Is the base but we h^-ve 

picked up one new >ei:teXoP. Thus the number of vertices plus the 
^number of 2-simpiexes is again two more than the number* off 

r-simplexes. F + V - E = 2. 

Now leV us look at a cube. We have 

a drawing of one on the right. The cube 

has how* many faces? Hdw many edges? How 
^many vertice's? Is the sum of the number 

of vertices and the number of faces* two 

more than the number of edges?, ^et us 

see why thi-s must be. 0 

• *(l) The number/ST^'vertices^n the top face is the niflnber ot 
..edges on the top face. * ' " 

(2) ' The number .of vertices on the bottom face is the number 

of edges on the bottom face. 

(3) The number of vertical faces is tue number of vertical 
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edges. 



(4)^11 the vertices and edges aife now used up. Alll thel | ' 
vertical faces are now used up.. We have ttte top and' 
bottom faces left. . 
So P + V - E must be 2. ^ ' 
What would, happen if each face T//ere broken up' into two 2-3implexes? 
For eadh face of the cube you would now have two 2-simplexes. But^ 



14.37 

for each face you wduld have one new i-slmplex lying m it. 6ther 
things are not changed. Hence F + V - E is again 2* 

Hp ' ^ 

SupjiDse we have any simple surface. Then do you suppose that 
"VU-t-Jr - E = 2? In the exercises you wll> be asked to verify this, 
formula (which .is known as the Euler' Formula) in several otheiy 
examples. (Euler- -pronounced "oiler" — was the name of a famous 
mathematician, of the early l8th century.) 

Let us now observe that the formula does not hold in general" 
for surfaces which are not simple. Consider the two examples 
below. 

^ ft 





In the figure on the left (the union of the two tetrahedrons 
^ having exactly the vertex A in commj^n^V + F - E ='? County and 
I see. Use models of two tetrahedrons if you wish. V + F - E 
should be 3. On each tetrahedron separately the number of faces, 
plus the number of vertices minus the number of edges is 2. But 
the vertex A would hav^ been counted twice. So V + F is one 
1 less than E + 4. ' • 
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The figure on the right *above i« supposed to represent the L 

unTion of eigbt solid cul^es as in the lasl^ section. JJhe possible ^ 

' ninth on^ in the^center is missing. - Count all the fa:ces' (of 

cubes), edges and vertices which are in the surface. ' For this 

figure V +"F - E should be 0. (As a starter, V should be 32.)- 

Finally We lD\,\tthe. Euleo? .Formula in a more general setting. 

Suppose we have a sin^ple surface and it is subdivided into a 

number (at least three) of non-overlapping pieces. Each of tl:^ese 

i4eces is to be bounded on the surface by a' simple closed polygon. 

We think of P as thS* number of these pieces. We require that if 

-two of these pieces intersect "then the intersection be either one 

point or a polygonal path. The number E is the ^numb'er of these 

intersections of pairs of pieces whic^ are not Just points. The. 

number V is the number of points e^h of which is contained in^at' 

^ least three of tliese pieces. ' Then F + V - E ^.2-^ 
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/ , ^ Exercises 1^-^b 

1. Take a cardboard model of a non-regul#r tetrahedron. In each 
face add a vertex nekr the middle. lConBic[er|the face as the 
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ion of three 2-simplexes so forme^. -Give the count of tl:^e 
faces,' edges, and vertices. of the 2-simplexes on the surface. 
How do th*e faces, edges, and vertices ot this polyhedron 
compare with those of. the polyhfedron you get ^by attaching 
four, regular .tetrahedrons to the four faces ^f a 'fifth? ^ 



Take a model of a cube. Subdivide it as follows. Add one 
vertex in the middle of each* edge.- Add one, vertex in the 
middle of/ each face. Join' the new vertex in the middle of 



each^ face with the eight other vertices now on thlt face. . 
You should have eight 2-simplexes on eaclV^face. Compute P, 
V and E. Do you get F + V - E = 2? ( ^ 
Make an irregular subdivision o'f any simple surface into a 

nmber of flat pieces. Each piece should have a sipple 

•I 

closed polygon as its boundary. Count F, V, and E for this 
subdivision of the surface. 



